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Zusammenfassung

Der heutige Alltag wird dominiert von elektrischen und elektronischen Geréten,
deren Funktionsweise auf dem Fluss von elektrischem Strom basiert. Stromfluss
wird in Ampere gemessen. Ein Stromfluss von einem Ampere bedeutet, dass
sich 6.241.509.647.120.418.000 Elektronen pro Sekunde durch ein Kabel oder
Ahnliches bewegen. Selbst bei Geréten, denen umgangssprachlich ein geringer
Stromverbrauch zugeschrieben wird, beispielsweise der Standby-Leuchtdiode ei-
nes Fernsehers, liegt ein Stromfluss im Bereich von einigen mA vor. Dies bedeu-
tet, dass sich die Anzahl der durch die Leuchtdiode flieBenden Elektronen auf
einige Billiarden Elektronen pro Sekunde, also ein Tausendstel der oben angege-
benen Zahl, reduziert. Bei derart groffen Stromfliissen sind selbst Schwankungen
um einige Millionen Elektronen pro Sekunde kaum messbar. Sie haben folglich
auch keine Auswirkungen auf die Funktionsweise der Geréte.

Die rasanten Fortschritte in Nanotechnologie und Messtechnik haben es jedoch
ermoglicht, sehr kleine Strukturen herzustellen und den Stromfluss in extrem
kurzen Zeitintervallen zu messen. Dabei ist es sogar moglich die Elektronen
einzeln zu detektieren.

Bei dieser detaillierten Betrachtung der speziellen Nanostrukturen liefert die
Angabe des Stroms eine unzureichende Beschreibung der Gegebenheiten, da
sich hier Schwankungen des Stroms stark bemerkbar machen. Um eine geeignete
Beschreibung zu finden, wurde in den letzten Jahrzehnten die Methode der Full
Counting Statistics entwickelt.

Hierbei werden neben dem Erwartungswert der geflossenen Elektronen, wel-
cher fiir die Berechnung des klassischen Stroms hinreichend war, zusétzlich
noch die Standardabweichung, die Schiefheit, die Steilheit sowie weitere Ver-
teilungsmomente der geflossenen Elektronen angegeben. Demzufolge entsteht
eine vollstdndige Wahrscheinlichkeitsverteilung (Full Counting Statistics) fiir
die Anzahl der geflossenen Teilchen nach einer bestimmten Zeit.

Diese Wahrscheinlichkeitsverteilung wurde auch von Seiten der theoretischen
Physik erklért, wobei folgendes Modell angenommen wurde.

Elektronen flielen aus einem klassischen, makroskopischen Reservoir, durch
eine Nanostruktur, in ein anderes makroskopisches Reservoir. Dabei ist die
Nanostruktur als so klein anzusehen, dass hier quantenmechanische Effekte
beriicksichtigt werden miissen. Zur einfacheren Orientierung bezeichnet man
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die Quelle der Elektronen als linkes Bad, das Ziel als rechtes Bad und die Na-
nostruktur in der Mitte als System.

In der iiblichen theoretischen Beschreibung wird die Verbindung zwischen Sys-
tem und Bad durch eine konstante Tunnelrate beschrieben. Diese Tunnelrate
gibt an, wie viele Elektronen in einer bestimmten Zeit vom Bad ins System
tunneln.

In der vorliegenden Arbeit wird hingegen angenommen, dass diese Tunnelraten
sich nach jedem Tunnelvorgang dndern kénnen. Die Tunnelraten sind demzu-
folge nicht langer konstant.

Aus dieser neuen Betrachtung wird im ersten Teil der Arbeit eine verallgemei-
nerte Mastergleichung hergeleitet, die fiir konstante Tunnelraten, mit der be-
kannten n-aufgelosten Mastergleichung iibereinstimmt. Diese hergeleitete Mas-
tergleichung beschreibt das Verhalten des Systems und ermdoglicht es, unter Ver-
wendung von bekannten Rechenverfahren, auf den Strom und die Wahrschein-
lichkeitsverteilung der geflossenen Teilchen zu schliefen. Diese Rechenverfahren
werden im ersten Teil diskutiert und fiir ihre Anwendung im zweiten Teil der
Arbeit optimiert.

Im zweiten Teil der Arbeit wird, die in der Festkorperphysik iibliche Annahme
getroffen, dass die Tunnelraten statistisch verteilt sind. Nach jedem Tunnelpro-
zess wird quasi eine neue Rate ’gewiirfelt’. Unter dieser Annahme wird dann
die Full Counting Statistic fiir die bekannten Nanostrukturen Quantenpunkt-
kontakt, Quantenpunkt und Doppelquantenpunkt berechnet.

Dabei stellt sich heraus, dass fiir Systeme ohne relevante interne Dynamik
(Quantenpunkt und Quantenpunktkontakt) die Bekannte Formel fiir den Strom
verwendet werden kann. Allerdings miissen in dieser bekannten Formel fiir kon-
stante Tunnelraten die inversen Tunnelraten durch den Mittelwert der inversen
Tunnelraten ersetzt werden. Der Mittelwert der inversen Rate, der mathema-
tisch als erstes negatives Verteilungsmoment definiert werden kann, wird aus
Griinden der Anschaulichkeit als Wartezeit bezeichnet. Dieses erste wichtige
Ergebnis, fiir den Strom bei Systemen ohne relevante interne Systemdynamik,
kann mit folgendem Beispiel aus dem Alltag verglichen werden:

Stellt man sich beispielsweise eine Fertigungslinie in einer Fabrik vor
und betrachtet dort einen Fertigungsprozess, der aus mehreren se-
quentiell ablaufenden Schritten besteht. Der Erwartungswert der fiir
den Fertigungsprozess bendtigten Zeit, ist gleich der Summe der Er-
wartungswerte der Zeiten fiir die Teilschritte. Der Kehrwert dieser
Zeit die zu erwartende Fertigungsrate. Die Berechnung der mittle-
re Fertigungsrate aus den mittleren Raten fiir die Teilschritte ist
offensichtlich unméglich.

Bezogen auf den Elektronenstrom bedeutet dies, dass die Wartezeiten (und nicht
die Tunnelraten) die kanonischen Gréfen zur Beschreibung des Stroms darstel-
len.

Im Fall des Doppelquantenpunkts, bei dem die interne Systemdynamik eine ent-
scheidende Rolle spielt und quantenmechanische Effekte beriicksichtigt werden
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miissen, stellt man fest, dass der Strom nicht mehr alleine durch die Mittelwerte
der Wartezeiten ausgedriickt werden kann.

Hier miissen sowohl negative als auch positive Verteilungsmomente zur Berech-
nung verwendet werden, da sehr kleine Tunnelraten zu sehr grofien Wartezeiten
fithren und umgekehrt. Betrachtet man Verteilungen, die in der N&he der Rate
null (entspricht einer sehr langen Wartezeit) einen messbar grofien Wert anneh-
men, so wird der Stromfluss zunehmend geringer. Fiir bestimmte Verteilungen
kann es sogar dazu kommen, dass der Erwartungswert des Stroms null wird,
also der Stromfluss stoppt.

Dies ist ein deutlicher Unterschied zum Fall der Systeme ohne interne Dynamik,
bei denen der Erwartungswert des Stroms selbst bei endlichen Wahrscheinlich-
keiten fiir beliebig grofle, aber endliche, Wartezeiten konstant bleibt.

Im dritten Teil der Arbeit wird, die im ersten Teil hergeleitete, verallgemeinerte
Mastergleichung auf spezielle Fille fiir deterministische Tunnelraten angewen-
det. Es wird beispielsweise untersucht, wie sich ein System verhiilt, bei dem bis
auf eine alle Tunnelraten konstant sind. Weiterhin wird ein System mit alter-
nierenden Tunnelraten untersucht.

Abschlielend wird eine Simulation vorgestellt, bei der Verfahren der Riick-
kopplungskontrolle auf das Quantenpunktkontaktsystem mit zuféllig verteilten
Tunnelraten angewendet werden.
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ix
Vorwort

Der inhaltliche Teil der Diplomarbeit ist in englischer Sprache verfasst.

Dabei wurde auf eine ausfiihrliche Einfithrung der verwendeten theoretischen
Konzepte verzichtet, da diese groflenteils ausfiihrlich in den Hauptdiplomsvorle-
sungen' zur theoretischen Physik behandelt werden. Die fiir das Verstindnis der
Arbeit wichtigsten Methoden sind jedoch im Anhang knapp zusammengefasst.

Bei der Gliederung der Arbeit wurde die Prioritéit auf die inhaltiche Struktur
gelegt und nicht (wie allgemein iiblich) auf Kapitel gleicher Lénge. Dies soll den
offenen Charakter der Fragestellung widerspiegeln.

Der inhaltliche Schwerpunkt dieser Arbeit liegt auf einer ausfiihrlichen Diskus-
sion der Beispiele fiir zufillige Tunnelraten (Kapitel 5).

Die Ausgestaltung der einzelnen Kapitel variiert erheblich. Insbesondere der
Teil III der Arbeit ist weniger ausfiihrlich gestaltet. Dem Author war es jedoch
wichtig, dass auch die Uberlegungen in der Diplomarbeit dokumentiert werden,
die zum aktuellen Zeitpunkt nur peripher bedeutsam sind. Diese kénnen als
gute Basis fiir zukiinftige Arbeiten dienen.

Kapitel 6.2 fasst die Teile I und II zusammen. Eine Veroffentlichung dieses Ka-
pitels in Form eines Papers ist geplant. Ein Beginn mit Kapitel 6.2 oder dem
Beispiels des Single Dots (Kapitel 5.2) bietet sich somit als Quereinstieg an.

Der Text sowie die Mathematica Quelltexte und Animationen stehen zusétzlich
unter https://fcs.physikerwelt.de als Onlineversion zur Verfiigung. Der-
zeit sind diese Inhalte nicht 6ffentlich einsehbar. Fiir interessierte Leser besteht
jedoch die Mo6glichkeit einen Zugang einzurichten.

Kapitel die fiir den weiteren Verlauf der Arbeit nicht entscheidend sind, sind
mit einem * gekennzeichnet.

1 Eine Mitschrift der Vorlesungsreihe von Prof. Dr. E. Schéll, die mit Methoden des seman-
tischen Internets aufgearbeitet wurde, kann auf der Webseite http://wiki.physikerwelt.de
eingesehen und weiterbearbeitet werden.

AufBlerdem finden sich an dieser Stelle Ausschnitte aus Mitschschriften zu einer Vorlesung
zur fortgeschrittenen Quantemechanikvorlesung von Prof. Dr. T. Brandes und zur Thermo-
dynamikvorlesung von Prof. Dr. A. Knorr.

Das Projekt befindet sich derzeit in ein einem Teststadium. Die dort zu findenden Informa-
tionen sind nicht authorisiert.
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http://wiki.physikerwelt.de
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Part 1

Full Counting Statistics in
Master Equations






Chapter 1

Introduction

Nowadays electrical and electronic devices are an integral part of daily life.
Their function is based on current flow, which is measured in Ampere. The
current of one Ampere is equal to 6.241.509.647.120.418.000 electrons passing
a conductor in the time interval of one second. Charge transport in electrical
components, which can be seen as macroscopic systems, is described by the
current. For these types of systems a repeating current measurement reading
will not change if the overall setup is not being changed. So far this is a known
fact.

Investigating smaller systems, where quantum effects occur, measurement read-
ings of the current will fluctuate, even if the setup is not being changed. There-
fore, it is no longer sufficient to characterize the current with a single value, like
the average current. A more detailed description is required, based on single
counts of electrons. From those counts, probabilities can be derived with regard
to the amount of transported electrons per time interval. This method is called
Full Counting Statistic (FCS).

Based on such investigations the field of Full Counting Statistics has been de-
veloped over the past decades [Levitov et al., 1996]. Full Counting Statistics
investigates setups, where one ore more macroscopic reservoirs of electrons are
connected to a microscopic quantum system. The main focus of recent investiga-
tions was to determine the connection between the macroscopic and microscopic
system. As a result a constant tunneling rate was defined, which is the most
effective way of description so far. This was done with respect to the assumption
that the macroscopic system can not be influenced by the microscopic system.

In this thesis, the hypothesis that the tunneling rate is a constant value, was
dropped. It is being assumed that the rate might change, when an electron has
jumped from the reservoir to the microscopic system.

As a first step of the new approach, a generalized version of the Quantum
Master Equation is derived. This equation describes the behavior of the
quantum system and is the corner stone to obtain current and higher cumu-
lants. Afterwards, a proceeding to calculate the Full Counting Statistics of
random distributed rates is developed. As a prove of concept this new calcu-
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lation method was applied to three microscopic systems setups. The results
converged to the known case for tunnel rate distributions with a small variance.

It turns out that the inverse of the tunneling rate, which is called waiting time
here, plays a fundamental role in this context, and is the canonical formalism
to describe the Full Counting Statistics of mesoscopic systems with random
behavior. For systems without internal dynamics, i.e. Tunneling Junction and
Single Quantum Dot, the mean value of the average current is proportional to
the inverse of the sum of the mean of the waiting times. This result is also
obtained by replacing the waiting times in the formula for the constant rate
current by their means. This leads to a false result. At this point it has to be
mentioned that the calculations are done in sequential tunneling limit. With
the consequence that there is always only one particle in the system. For these
systems without internal dynamics, a comparison with the classical assembly
line problem is possible. Thinking of one process, which consists of several sub
processes. The average time for the process (which is the inverse of the average
flow) is the sum of the averages for the sub processes. It is not possible to gain
the average time (or rate) from a combination of the average rates.

Even more exciting are the results for the Double Quantum Dot, which involves
internal system dynamics. It concludes that electrons can jump ‘backwards and
forwards’ and enter coherent states. Here the results are separated from the
case of constant rates. The current no longer only depends on the average wait-
ing times, but rather on the relationship of negative and positive distribution
moment of the waiting time, respectively inverse tunneling rate distribution.
Especially, if the probability for small rates raises and the expectation value is
fixed, the current decreases.

In the last part of this thesis, there are some considerations, how the formalism
can be applied to special setups of deterministic tunneling rates. For example
the influence of an impurity for a process with constant rates is investigated and
the expected result is obtained.



Overview

The thesis consists of three parts, which are structured in nine chapters.
Part I treats the problem on a formal and abstract level.

In chapter 1 a general introduction to Full Counting Statistics and mesoscopic
physics is given. The wide field of application of Full Counting Statistics is
sketched and the economic relevance of its application in mesoscopic physics is
pointed out.

In chapter 2 a new derivation for the n-resolved Quantum Master Equation
with n-dependent transmission rates is developed. Therefore the Nakajima-
Zwanzig Projection operator technique is used. Furthermore the Born-Markov
Approximation is applied.

Independently from the derivation the n-dependent Quantum Master Equation
is formally defined in chapter 3. The forms and representations of this equa-
tion are presented and the counting field is introduced. It is discussed, which
approximations lead to good results in the long-time limit. Furthermore the
known formulas for n-independent rates are derived as special case.

More demonstrative is part II. Random and uncorrelated tunneling rates are
handled with explicit calculations there.

Chapter 4 shows, how to deal with random tunneling rates or waiting times in
general. The proposed way, to replace the current and the higher cumulants by
their expectation values, allows a procedure analogically to the case of constant
rates.

The 5’th chapter is representing the main focus of this thesis. The procedure,
developed in the former chapter, is applied to simple example setups with known
results for constant rates.

Concluding, a summary of part I and II with a comparison between the systems
follows in chapter 6.2. This summary is planned to be published in a paper and
addresses the advanced reader.

Part III is the creative portion of this thesis.

In chapter 7 Tunneling Junction with constant rates, with the exception of one
impurity, is described and the time-resolved Full Counting Statistics is explicitly
calculated.

Chapter 8 comes up with the idea to use a Tunneling Junction with alternating
rates to simulate the behavior of a Quantum Dot.

Finally, the 9’th chapter is said to be a thought provoking impuls to apply
the methods of feedback control to random distributions. Therefore, a numer-
ical simulation is deployed, which opens the question of the maximal feedback
strength.
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Dictionary

In the following a very brief explanation of some important terms is given in
dictionary style.

Mesoscopics

Transport

Full Counting Statistics

Investigated setup

Ezxperiment

The default physics canon handles macroscopic objects as for example
planets or billiard balls in the context of classical mechanics. Microscopic
objects like the hydrogen atom are handled in the context of quantum
mechanics.

This raises the question about the boundaries between both fields and
creates the field of mesoscopic physics. In mesoscopic physics one is aware
of quantum mechanical features, which occur, if a macroscopic object is
scaled down to microscopic length scales. The length scale, where quan-
tum mechanics effect occur, is about 100 nm. Consequently this field of
research stands in connection to nanotechnology that has developed to a
new branch of economical interest [BMB, 2011].

In this thesis the transport of charge through a mesoscopic structure is
investigated. In the macroscopic, classical case this charge transfer is de-
scribed by the (average) current. In the mesoscopic regime this description
is too rough. A more detailed view is required, which is provided by Full
Counting Statistics.

"Full Counting Statistics is the theory of quantum statistical properties of
transport phenomena’ [Belzig, 2005].

Full Counting Statistic (FCS) has attracted worldwide attention in the
theoretical [Levitov et al., 1996] an experimental [Reulet et al., 2003]
examination over the last decades. Not only in the mesocopic physics,
but also in other physical fields, as well as in chemistry or biology, Full
Counting Statistics now plays a decisive role. With its historical roots
in quantum optics the terminology was adopted by Levito and coworkers
to mesocopic transport problems [Nazarov and Division, 2003, Biittiker,
1992, Datta, 1997, Lenstra, 1982, Emary, 2009, Brandes, 2007].

In this work one will regard quantum mechanical systems, which are con-
nected to a classical electron reservoir.

The investigated systems are not only theoretically consideration, but ex-
ist in reality. It should be pointed out that, especially the Single and
Double Quantum Dot, where the calculations in chapter 5 base on, were
build up experimentally e.g. by [Hanson et al., 2006]. For the physical
implementation Hanson an coworkers used a two dimensional electron gas
(cf. figure 1.1) .

For further information on nanostructures see [Skobel’tsyn and Wood, 1972,

Nazarov and Blanter, 2009, Scholl, 1998, Sohn et al., 1997, Datta, 1995, J.Jacack,

1998,

Jackle, 1978] as well as [Emary, 2009], which was the base for this thesis.
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ble quantum dot, Elzerman et al. demonstrated in
2003 control over the electron number in both dots
while maintaining tunable tunnel coupling to the reser-
voir (Elzerman et al., 2003). Their design is shown in
Fig. 2¢ (for more details on design considerations and re-
lated versions of this gate design, see Hanson (2005)).
In addition to the coupled dots, two quantum point con-
tacts (QPCs) are incorporated in this device to serve as
charge sensors. The QPCs are placed close to the dots,
thus ensuring a good charge sensitivity. This design has

f angtal gate glg

to create two quantum point contacts, which defiuservetias tunnel rate to the reservoir, I’
electrometers by passing a current Igpc. Note that this Qewibickdinuteert experiments are possible (see e.g.
be used to didknenacsiiiitckehpinalbepminl (Wpsdodbraynat A, SHURRGL ol ol (2004) for a discussion on noise

e ol TR TR I,

become the standard for lateral coupled quantum dots
and is used with minor adaptions by several research
groups (Petta et al., 2004; Pioro-Ladriere et al., 2005);
one noticable improvement has been the electrical iso-
lation of the charge sensing part of the circuit from the
reservoirs that connect to the dot (Hanson et al., 2005).

C. Measurement techniques

In this review, two all-electrical measurement tech-
niques are discussed: i) measurement of the current due
to transport of electrons through the dot, and ii) detec-
tion of changes in the number of electrons on the dot with
a nearby electrometer, so-called charge sensing. With the
latter technique, the dot can be probed non-invasively in
the sense that no current needs to be sent through the
dot.

The potential of charge sensing was first demonstrated
in the early 1990s (Ashoori et al., 1992; Field et al.,
1993). But whereas current measurements were al-
ready used extensively in the first experiments on quan-
tum dots (Kouwenhoven et al., 1997), charge sens-
ing has only recently been fully developed as a spec-
troscopic tool (Elzerman et al., 2004a; Johnson et al.,
2005a). Several implementations of electrometers cou-

Figure 1.1: Lateral qiafits d60 déviveidefitied prtitfotalasis rabcdlectplsdde,a auantum dot have been demonstrated: a single-

ele tronltragmisé%r fabricated on top of the heterostruc-
EGHPY gl., 1992; Lu et al., 2003), a second

m@tﬂgﬁmwm) etoul., 1995) and a quantum point contact
(QPC) (Field et al., 1993; Sprinzak et al., 2002). The

.QPC is the most widely used because of its ease of fabri-
idtgisadah s

Yelifiental operation. We discuss the QPC

arrows outdingetdiey pashgof cuerent, pLD@IptefmdntmmaemserV(Bﬁrtit\fggﬁ?igFP’ﬁH%g' The smallest currents that can be

reso n opy[(jggljzed setups and devices are roughly

s’ a lower bound of order 10 fA/e ~

)

sources). +or I' < 100 kHz the charge detection technique
can be used to resolve electron tunneling in real time. Be-
cause the coupling to the leads is a source of decoherence
and relaxation (most notably via cotunneling), charge
detection is preferred for quantum information purposes
since it still functions for very small couplings to a (sin-
gle) reservoir.

Measurements using either technique are conveniently
understood with the Constant Interaction model. In the
next section we use this model to describe the physics of
single dots and show how relevant spin parameters can
be extracted from measurements.






Chapter 2

n-dependent Master
Equation: Derivation

In this chapter the n-resolved Quantum Master Equation with n-dependent
tunneling rates (nQME) is derived. At first the nQME is motivated and dis-
tinguished from the ordinary n-resolved Quantum Master Equation in section
2.1. In a second step the Nakajima- Zwanzig Equation is used to derive a gen-
eral form of the nQME in section 2.2. Finally, a Lindblad similar form of the
nQME is obtained, by performing a wide range of assumptions in section 2.3.

2.1 Motivation and configuration

The derivation of the n-resolved Quantum Master Equation
™ () = L™ (8) + TV (2) (2.1)

for constant tunneling rates I' is well known and is an integral part of many
physic lectures [Brandes, 2007, Emary, 2009, Breuer and Petruccione, 2002].

For these derivations the system bath theory is used, in which the world is
divided into two parts:

e the system, whereon the investigations are made

e the rest, the bath, which is assumed to be constant and influences the
system in a specific way
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In this work one additional external parameter, the number of particles in the
reservoirs (bath) N,, is taken into account. This additional information will
cause n-dependent tunneling rates '™ which cause the n-resolved Quantum
Master Equation with n-dependent tunneling rates (nQME)

Bp™ () = L5 p (1) + T o1 p™ I (8). (2.2)

To achieve a comfortable access to the derivation and a demonstrative model,
the following assumptions are made. Not all assumptions are really needed.
They can be neglected later on, if they where not used, for achieving more
general statements.

The following setup is given for this thesis:

e There are two reservoirs (called left and right), which are not interacting
with each other.

e There is a system, which interacts with the reservoirs in the following way:

Particles (particularly electrons) can jump from the left reservoir to the

system. This process happens with the rate FL("). The number of particles
in the left reservoir changes from Ny, to Ny — 1.

Particles can jump from the system to the right reservoir with the rate
I}(%”) and the number of particles in the right reservoir changes to N + 1.

e At one instant of time, there can be only one particle in the system.!

e The reservoirs do not change their particle number aside from an interac-
tion with the system. Therefore the numbers Ny and N are in a fixed
relationship (cf. figure 2.1).

e A new number n is introduced, which stands for the number of particles
transported through the system. This variable is used as index for the
rates and the system density matrix.

jum jum
left reservoir P, system Jup, right reservoir

r )
(NLaNRan) L—> (NL_laNRan) R—> (NL—I,NR+1,TL+1)

Figure 2.1: Abstract model with
Np: number of particles in the left reservoir
Npg: number of particles in the right reservoir
n: number of particles transported through the system

IThis assumption was not explicitly used in the derivation. However, all system in this
thesis fulfill that requirement.
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(N) (Ng)
I IR’

N N
ogt | P | oBR

source| system | target

Figure 2.2: Scheme of the setup

Content of this chapter

This chapter might be observed apart from the other chapters of this thesis. As
it is not necessary for the comprehension of the following chapters, it can be
skipped.

In the following the derivation of the n-resolved Quantum Master Equation
is started on a microscopic level. Then the Nakajima-Zwanzig Formalism is
applied. The knowledge of the superoperator-formalism (cf. appendix B.3,
p. 138) and a basic understanding of the projection operator technique are
the precondition for the comprehension of the following chapter compare with
perturbation theory [Brandes, 2009, 3.7.1].
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2.2 Nakajima-Zwanzig Projection

As already mentioned before the new aspect, proposed in this thesis, is the
variability of the tunneling rates, which depend on the number of particles that
tunneled through the system. For the default approach [Brandes, 2007, Poltl,
2008] for constant tunneling rates the Quantum Master Equation is derived
by using the common system bath theory. After that the complete system
density matrix is transformed to the n-resolved (conditioned) system density
matrix by an procedure called ’decomposition into histories’. This procedure
originally comes from quantum jump approaches [Lambert, 2005, 5.27-5.37].

In contrast the derivation, developed in this thesis, arises from the projection
operator technique proposed by Nakajima and Zwanzig [Kithne and Reineker,
1978, Zwanzig, 1960, Nakajima, 1958].

For variable tunneling rates the bath cannot be assumed as constant, because
some information of the system influences the bath. Therefore, the point of
view has changed.

From now on the partition of the world is no longer done with regard to geomet-
ric properties like in thermodynamics. The approach is based on information
theory. All information of interest are projected into the subspace of the relevant
information [Breuer and Petruccione, 2002, Kato, 2004]. In the investigated case
the part of interest is the system-density-operator and the information of the
quantity of particles, which have been transported through the system.

2.2.1 Projection operator

The complete density operator ¢ describes the behavior of the system (i.e. the
Quantum Dot) and the environment (i.e. the left and the right reservoir). This
information is much and can hardly be described or managed.

By applying an projection (super) operator (P), this density operator is sim-
plified by disregarding the information, which is not in focus of interest. The
precise form of this operator will be discussed later on. At first some general
properties of this projection operator will be pointed out.

P2 =p (2.3)
Q=12-P (2.4)
= Q*=Q (2.5)
= QP =PQ =0 (2.6)

2Identity-superoperator
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2.2.2 Nakajima-Zwanzig Equation

The Liouville-von Neumann Equation, which describes the dynamics of the
density matrix 2 9,0 = Lo, can be rewritten by splitting o into the two parts

0=(P+Q)oe:
L0 Q@ Q)@ e

The second row is formally solved by

Qo =UT(t, to)o(to) + /dt’uT(t,t’)Qﬁ'Pg(t’) (2.8)

to

with Ut (¢, t') := T elir 4sQL() where T, is the chronological time ordering®
operator. For the special case of a time independent £, this operator can be
simplified to UT(t') = e@~L .

Inserting this into the first row leads to the Nakajima-Zwanzig Equation:

t
dPo=PLPo+PLU(t,t")Qol(to) +P£/dt’w(t, t"QL'Po(t'). (2.9)
to

=0

The assumption that the inhomogeneous term disappears®, the short hand no-
tation for the integral kernel K (t,t') = PLUT(t,t')QL'P and the projector prop-
erty P2 = P are used to derive the final form of the Nakajima-Zwanzig Equa-
tion

t
0,Po=PLPo + /dt’lC(t,t’)P,Q(t’). (2.10)

to

3For details cf. appendix (B.14).

4For details cf. [Breuer and Petruccione, 2002

5This can be realized by assuming that at the start Pp = ¢ = Qo = 0, which is sometimes
called factorizing initial condition.
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2.2.3 Interaction picture
In accordance to the assumption that the interaction between system and bath

is weak, a transformation is performed in this subsection, which corresponds to
the transformation to the interaction picture.%

The Liouvillian can be split into three parts’

L=P+LMP+Q) (2.11)
L=PLP+QLO+PLA+ QLP (2.12)
Ls Lp Ly
L=Ls+ L+ rA=1 (2.13)
L
L=Ly+ A (2.14)

The subscript reminds of the standard system bath approach, where Hg is the
system path, which describes the system dynamics. In words of the projector-
approach, Lg describes the dynamics in the relevant part. The bath part
corresponds to the irrelevant part Lg. The interaction part £; describe the
interaction between relevant and irrelevant parts. This interaction part is as-
sumed to be small, which is indicated by the scalar parameter A\. Nevertheless,
this was derived without an explicit use of system or bath properties and is only
based on the definition of the projector.

With the help of PQ = 0, the following rules are simply derived
PLP = PL,P QLQ = QLQ (2.15)
QLP =QL;P PLQ =PL;Q. (2.16)
This rules are useful to rewrite the Nakajima-Zwanzig Equation
t
0,Po=PLoPo+ /dt’lC(t,t’)Pg(t’). (2.17)
to

The kernel I can be simplified to

> t k o'} t k
K(tt) = PEZTH(L’dS*(S))Qﬁ’P = PEQZTHMCM/P
k=0 ' k=0 :
— PL/Q(QT el 45£0() Q) QLYP = PLIU(t,to)L)P. (2.18)

N——
ul(tto) Q0 (Q+P)L;P

Switching to the interaction picture via

0:=Ul(t,to)o L =UL(t, to)LU(t,to), (2.19)

6 Transformation to the interaction or Dirac picture is a default approach in scattering
theory (cf. appendix B.3.1).
7As well as the Hamiltonian ([Brandes, 2009, 3.120])
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leads to

0:0 = (U (t,t0))o + U (t,0)so

t
BP0 = —P LU (t,t0)0 + UL (t,t0) PLOPng/dt’lC(t,t’)Pg(tft’) (2.20)

0
t

8:Po = Ul (t,to) /dt’lC(t, t"\PUL(t, ) o(t"). (2.21)
to
The Nakajima-Zwanzig Equation can be simplified by assuming PLP = 0 to
!
d;Pp = /\2/ K'Po'. (2.22)

K becomes up to first order in t’ K (#,t) = PLL'P,

!
dPp = +/\2/ PLL'PY . (2.23)

2.2.4 Hilbert Space

In a former step the Hilbert Space is investigated and the projection operator
is explicitly defined.

The complete Hilbert Space & reads

H="Hs® (DHs.a) (2.24)
MHp.o = EPSaHON, (2.25)
Na

where S, is the operator that (anti) symmetrisizes the space. In our case we
only treat fermionic systems, so S, = S. The commutativity of tensor and direct
product yields

H="Hs o PSHN = PHs®SHY, (2.26)
N N

where N = (N, Ng,...) is a vector, representing one combination of particles
quantities in the bath «. One can think of the setup of figure 2.2 (p. 11), where
a € {R, L} represents the left or right bath. The default approach is to ’trace
out the bath part’. In the default manner all information about the bath, i.e.
the number of particles, is destroyed. Therefore in the present case, where the
number of particles is important, this information will be kept.

8Describing ’system and bath’ in words of system bath theory.
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Table 2.1: Comparison: n-resolved and default approach

default projection  n-resolved projection
Plo=Tisld®os Po=EPTs (o) @ oy
N

With TrgN) (@) = >, (Naskat, - kan| @ | Na; ka1, - - -, kan) and the assump-

tion that the part Q%N) or pp is constant, the goal to retain the number of
particles can be archived. One can imagine that QSBN), as the grand canonical
statistical operator for reservoir «, is

—Ba(Hp,a—paNa)
(N) _ ¢ ’
fp " = @ Trg [e_,ga(HB,a—MNu)] ’

«

(2.27)

But in the following the concrete representation of Q(BN) is not needed. A com-

parison between the n-resolved and default approach projector can be seen in
table 2.1.

Partial trace

If one assumes unidirectional, sequential tunneling, the vector N only depends
on one scalar parameter, which is called n. The physical interpretation of n is
the number of particles, transported through the system. The partial trace over

the bath, a function, which sums over all possible bath vectors, can be split into
a sum of traces for every subspace.

Ty (@) = > (N, @)kats - kan|@IN (0, )i kar, .- kan)  (2:28)

e

If one regards V as a perturbation, it is self-evident that a perturbative expan-
sion makes sense.

/
0= 00+ i/ [@07\/} +0(V)>. (2.29)
Inserting the definition for the projector

Po=EP T (o) ® o’ (2.30)

with the short hand notation Trgl) (0) = .an) leads to

- n ~r(n’ n') </
6tpg:*EB/TI](B) <H€BQ’% '@ gV

v

) ® oW + 0o(V)2.

(2.31)
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Investigating the system path of the density matrix leads to

0, Tr @/ (H Do o)V >®H§l) (o5) +0(v)2.
—_—————

In component notation, with p(™ (t) as the n-th entry of the direct sum, it leads
to

vV

(2.32)

’
a ~(n) / Tr](3n) ([[@ Z)/(n ) ® Q(n ) V

The explicit expression for p(™)(t) reads

) +0(V)2. (2.33)

(0)(,5)
@QW_ p(” ). (2.34)

2.2.5 Formal solution

The expressiveness of (2.31) is quite low if no additional information on the
Interaction Hamiltonian V is given. Therefore one can use the Schmidt Decom-
position to express V in the style of [Brandes, 2007, 1.2.20]

V=>" SeB " (2.35)

kn,o

and to collect terms with the same system part Sy

_ZSZ(X) Z Clkna N(na) (2.36)

k,a,m

with S; as an element of the system Hilbert space, B, Nk s a part of the

bath Hilbert Space and ¢; 1 n,o as scalar parameters from the system part. This
notation underlines that interactions with more than one bath Hilbert Space
(HBa,1 ® Hpa,2) are not regarded.

Formally the expression Tr](3n ) (HP@/,\N/} , VD can be rewritten as
® (Tlpg V'], V]) = [, , .
1 ({[Pe. V] 7)) PILIAARRR ([, 50), 1], (23

where y(t,t',n,n/,I’,1) is said to be a four component vector, which is multiplied
with the four components of the double commutator.

With the Markov Assumption (see below) the memory of this equation is dropped
and the nQME becomes

E)tp%) VRS r<n',l',1>.[[p<”’><t>,sp],sl}] (235)

Ul
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2.2.6 Bath correlation functions

The form of equation (2.38) is still general. Especially T'(n’,1’,1) is not a very
useful vector, because it involves all bath information. The next subsection
explains how the bath information is reduced by using bath correlation functions
[Gardiner et al., 1986]. In the n-independent case the bath correlation functions
of the bath can be introduced in the following form?:

Crw(t,t') = Trp [BL/BMB,O} (2.39)
On a more atomic level for fermions this reads

TI"B [ka’kaB,O] = 5k,k’fk(€k)~ (240)
The same applies to cyclic permutations, respectively Trg [bkangO/)] = 0p pr (1—
fr(ex)) for odd numbers of permutations. fi denotes the Fermi Functions. In
the n-dependent case it works slightly different, because the creation and an-

hilation operators bk,bz change the number of particles in the bath, which is
connected to a different bath density matrix.

Explicitly spoken this means that
Trf;” (ka'kag%)(N/)) =Trly” (@53%)(N/)bfk/bk) = Ok On, N fr(er)  (2.41)
does not change the particle number, but
Trng) (kaSBJY(;)(N’)ka/) = Ok ON N 1 fr(er) (2.42)
involves a change in N’.

Tr](BN) (bkbfkggo)(zv')) _ Tr%N) (QSBJYO)(N/)bkak) — 5k7k,5N7N,(1 — frler))

(2.43)
Trfy” (kang)(N/)bk/) = 0k, kr 0N N7 -1 (1 — fr(er))-
(2.44)

is analogically computed. As this is an useful result for calculating v(t, ', n,n',l', 1),
the result will be summed up (see table 2.2, p. 22).

95,0 = Ro [Brandes, 2007]
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2.3 Assumptions and limits

To receive explicit solvable results and produce simple solutions some assump-
tions are useful. The important assumptions and approximations are

e Born-Markov Approximation

e Limitation to two bath reservoirs

Unidirectional tunneling

Sequential tunneling limit

Infinite bias limit

2.3.1 Born-Markov Approximation

The Born-Markov Approximation is a serious restriction. Thereby, it is assumed
that there are no memory effects in the system. This reminds to Hamilton
mechanics, where a state in the phase-space had specified the complete system
dynamics. In (2.31) the system state depends on the complete history. This fact

t
is expressed by [’, which stands for [ dt'. In the Born-Markov Approximation
0

it is assumed that the integral kernel is strongly peaked around ¢ — ¢’ = 0.
Roughly spoken that means that events, which happened longer time ago, are
increasingly forgotten by the system.

Strongly peaked means that the width of the peak 6(t — t') < 7, where 7
is the inverse of the rate of change of p(t). This restriction has to be kept in
mind with regard to numerical simulation, using the discrete time step approach,
introduced in chapter 7. That means that one can replace ¢’ = (') — 2 = 2(t),
respectively o(t") — o(t). For (2.17) this reads

t
0Po = P£o+/IC(t,t')dt’ Po. (2.45)
to

As the difference between (2.17) and (2.45) is only one apostrophe, it could
be misunderstood as no big change. This is a misapprehension, as (2.17) is a
complex integro-differential equation, while (2.45) is a kind of simple first order
differential equation. The explicit form of (2.31), after back- transformation
into the Schrédinger picture, becomes

t
OPo= | PLy+ / PZ[(t - tl)ﬁjdtl Po (246)

to
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or, with expanded double commutator,

E)tPg(t) — PLoPo(t) - P /0 N ([[Pett), ¥t —)].V]) & Q%UJ

(2.47)

It has to be pointed out that only single particle actions were taken into account.
This was assumed by the approximation of the integral Kernel C up to the first
order, which ended in a Quantum Master Equation for 9;Pp of second order.

This means that the change of |n — n'| is at maximum 1 within each jump
[Bagrets and Nazarov, 2003, Nazarov, 1993, Stoof and Nazarov, 1996].

2.3.2 Explicit calculation

In the following section the calculation will be explicitly done. As it involves 16
terms, the calculation is quite long. Therefore in this thesis only some exemplary
terms where noted. Nevertheless it might be helpful to compare this section to
[Brandes, 2007] or [Poltl, 2008], where more expressions are described.

Explicitly the Hamiltonian H = Hg + Hp + Hg p consists of three parts.

Hg = e,s's, (2.48)

is the system part of the Hamiltionan in Eigenbasis

Hp = Zeb,k,aka7abk7a- (2.49)
k,a

Hp is the bath part of the Hamiltonian. The index with a € {R, L} indicates
the left or right lead and k labels the channel-index of the bath, where jumps
into our out of the system, might occur. And there is the most important part,
the interaction part

V= HS,B = Z (Tk,a,ank,aS + T];k’aynSTbk,a) . (250)

k,a,n

This interaction part can be rewritten with regard to the splitting, proposed in
(2.36)

V=Hgp=sB"+sB, B= > Tp, bra (2.51)

k,a,n

As stated above, there are no processes, which interact with the right and the
left lead at the same time. In the next section Trl(gn) (HPg(t),V(t — t’)],VD

will be obtained and the time integration will be executed afterwards.
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Right lead a = R

To get rid of the alpha index we first investigate the right side and keep the
R index in mind. This makes the text more readable. The trace on the right
hand, applied on some object [z], becomes

Ty @) = Y. (Niky koo kn|@Ns ki koo ky) =Y (N3 K| @ING K.

E1,ka,.. kN k
(2.52)
In the interaction picture, V reads
V(T) = (e_iTESSI—BT + eiTESSTB) , B= Ze‘iTe’?Tgﬂb,;. (2.53)
k,N

)

One can think of T = ¢ — ¢. Inserting this in Tr](gN) (HPg(t)AN/(t - t’)},VD

leads to!°
Tr](3 ”) (HQSBN/), Bq 7 B} . HQE@NI), e,i'ress} , ST]) + h.c., (2.54)

where . is a special notation for the scalar product of the four components of the
double commutator and h.c. stands for the hermitan conjugate, which means

that the T are switched. Inserting the definition for B and Trl(gN) () leads to

Z <N”; k//| .eiTe,; TE,NTI:,N HQ(BN/)’ bﬂ 7 bk} ) HQ%N’% e—iTes S} , ST} ‘N//; k‘”)
k' k,k,N',N,N
(2.55)

for the first part. With N — N this expression can be rewritten to
3 el i P ([ 010 ] )[[o67:7:
k
(2.56)

As seen in 2.2.6, the Fermi Function always leads to a 6k, k. This is a consider-
able achievement, because the values for Trg\l) (HQSEN )7 bf k} , ka are known
and listed in table 2.2.

10N was changed to N” to avoid a mixing of the indices.
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Table 2.2: Correlation functions

NO. | sign Tr](3N) (@) fer) N system
1|+ | b | fen) N 5N | pM™(t)sst
2,7 - bkgg\’[(;)bz f(er) N' = N —1 | stpV=D(t)s
3,6 - bL,Qg\,[(;)bk 1—f(ex) | N' = N+1 | spN+D(¢)st

4 + bkbLQB,O 1— f(ex) N — N stspM)(t)

5 + | %o brbl | 1= f(er) N'— N pMN) (t)sts

8 + blbw%) fler) N — N sstpM) (1)

Formally an expression for the right part or v can be written down. The ac-
complishment will be skipped and further simplifications are proceed.

The investigation of the term
. o0 .
Z 61T6k ‘Tk,N’ |2: / Z'Tk’N/ |261T66(6 - Gk) (257)
k > g

reminds to the following property. The delta-distribution can be written as the
Inverse Fourier Transformation of its Fourier Transformation

IR
5(:5):% /dyelg”y. (2.58)

With the help of (2.58) and the definition

™) —ox Z|Tk,N/|25(E — k), (2.59)
k

under the assumption that I'Y ) is independent from e, the sum is rewritten to

3 T Ty 2= (0T, (2.60)
k

In the consequence, the time integration of the kernel is simple. Thinking about
the delta-distribution, as limit of a series without skewness (for example the
Uniform Distribution), it is comprehensible that

/f(t’)(S(t —t)dt' = @ (2.61)
0
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Thus the four investigated terms become

Tr](3N) ( [ [gsgNl), ka} , bk} ) . [ [g(SNl), s} , sq . (2.62)

A help for evaluating the double commutator can be given by the following rule

W)
2

[[ajF, bi} , c] = [[c, bi] , aﬂ =abfc — acb’ — bfca + cbfa
+a'be — aleb — beal 4 ¢bal, (2.63)

which gives the full expression for the right lead.

Left lead o = L works exactly equal to the right lead.

2.3.3 Infinite bias limit

In the infinite bias limit, the bias on the right side becomes co. According to that
the Fermi Function gets 1 or 0. That means that half of the terms disappears.
With the conversion Ny (n), Ng(n) the Liouville-von Neumann Equation reads

n n F(n) n n— n—
D™ (1) = Lsp™ () + = {p (1), 581} — "o (0)s

F(”) "
+ L"), 51} T\"st o™ (£)s. (2.64)

At last the some steps for the jump part are summarized:

cer = Z <NR; k’| Z T,://RnuTkanWSTbk//R @ @/gn ) ® le )Ska”’R |k/’, NR>
k

n//7n///7k//7k:/// ,,L/
(2.65)
= Z <NR7 k| Z T/:”Rn”Tk”'Rn”'bk”RQgL )ka?'”R |k7 NR> ® ST@/fgn )S
kn/ TL”,TL”/,kN,k}/”
(2.66)
=> Ty Trrn (Nr; K| brroly bl [k Nr) @15 ¢ s (2.67)
n'k
= TygnTirn fr(err)d (N, Nr(n' — 1)esTo' s (2.68)
n'k
= ZTJ:Rn_lTkRn—1fR(€Rk)€"‘ST@/fgn_1)S (2.69)
%

:Fggfl)sTp("_l)s (2.70)






Chapter 3

n-dependent Master
Equation: Discussion

In the former chapter the n-dependent n-resolved Quantum Master Equation
(nQME) was derived. This derivation includes some assumptions, which strongly
restrict the field of application.

To extend the field of applications the nQME is formally defined in section 3.1.
This general specification can be easily extended to other, even non physical,
problems.

In section 3.2 the different forms and representations of the nQME and the
transformations between them are explained.

In section 3.3 the Full Counting Statistics is explained that can be derived from
the nQME. The two possibilities, regarding either the occupations P(™ (t) or
the moments, are discussed. Furthermore the connection between moments and
cumulants, as well as their forms in time and Laplace Space, are described. In
addition to that current and Fano factor are introduced.

Finally in 3.4 the long-time limit of current, Fano factor and higher cumulants
are explained.
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3.1 Formal definition

In the style of [Brandes, 2010] the following setting is defined:

Definition 1 (Conditioned Density Operator) p(™)(t) is the reduced sys-
tem density operator for a system that n electrons have passed in the time frame
from 0 to t.

At this point it might be appropriate to remark that this operator is a vec-
tor with d-real components in the superoperator formalism (see appendix B.3,
p.138). In this case d is not necessary the square of the system dimensions,
because some components might be neglected, as they are zero due to physical
reality.

Furthermore it is always possible to represent complex entries of the density
matrix with a base change with real numbers in the superoperator (vector).
Examples can be seen in chapter 5, where the representation is discussed for the
single (d = 2) and the Double Quantum Dot (d = 5).

From this setting it follows obviously that negative particle numbers or times
do not occur.

This can be formulated as
Proposition 1 t <0Vn < 0= p™(t) =0.
Furthermore we call the

Definition 2 (Total initial Density Operator) pg, which is said to be the
total system density operator p att = 0.

In contrast to the conditioned density operator, the total system operator obeys
the condition ’trace class = 1’ (see appendix B.7, p.134).

Therefore the initial condition for the conditioned density operator reads
Proposition 2 ¢t =0 = p™(t) = 5, opo.

Due to the relationship p = Y7, p™(t), arises

Proposition 3 t > 0= Y"° Trp(™(t) = 1.

It is assumed that p(™)(t) is compatible with

Equation 1 (nQME! in nt-representation)

Bip™ (1) = £V p™ () + T_1p™ D (1), (3.1)

This equation looks similar to the usual n-resolved QME [Gurvitz and Prager,
1996]. The difference is the dependence of the jump and nojump superoperator
on the number of transmitted particles n.
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Definition 3 (jump superoperator) T can be represented as dx d-matria?.
It describes processes, wherein particles leave the system and in this manner in-
crease the number n.

In almost the same manner

Definition 4 (nojump superoperator) Lén) can be expressed as dxd-matriz.

Eé") is the rest of the Liouvillian (L), which describes processes, where the
particles remain in a state with same n.

Remark: Egn) describes processes, where particles jump into the system and as
well in internal system dynamics. This interpretation is also compatible with
the agreement made in chapter 2, where the jump out process (on the right
side) was drawn to change n (compare figure 2.1).

3.2 Forms and representations

Attentive readers might have asked themselves what 'nt-representation’ in def-
inition (3.1) stands for.

The following section gives a complete answer to that question. First of all the
aim of the different forms of the representations are motivated.

The first glance at the nQME detects an differential equation. Usually an equa-
tion for p(™)(t) is preferred to a differential equation for d;p(™ (t). Due to that,
the Laplace Transformation is eye-catching, which turns the derivative into a
multiplication.

In figure 3.1 this is described by the tLT -arrow from the upper left to the
—Zz

upper right corner. The reason for choosing this way will be explained later
on. Alternatively one could have make use of the recursive character of the
nQME. This character can be easily discovered by investigating p(O)(t) L If
one regards proposition 1, it becomes clear that p(~D(¢) is 0. This implies
that p(©(t) = eﬁt(JO)tpo.?’ This result can be inserted in the differential equation
for p(1)(t) and recursive continued. Apart from that, it might be a hard job
to calculate the average current (and higher current cumulants) as stated in
the introduction. The average current is well known as 0;Q(t) [Thomsen and
Gumlich, 2008] or in other words e~ 0;(N), where e~ = 1 is the elementary
charge, which one gets in our unit system.* In our case (N) = TrNp can be
simplified to o7 nTrp(™ (¢) by inserting the conditioned density matrix, where
Np(™ (t) = n. As this infinite sum is hard to handle, the counting field variable

X is introduced by a Fourier Sequence Transform (FST ).
n—x

2To express the n-resolved jump operator for all n explicit, one would receive a tensor
of order 3. Due to the finite system dimension this tensor could be flatted to a matrix.
Nevertheless, this becomes only relevant within the vector notation approach (see appendix
C.2.1, p. 143), whereon no further investigations were made in the context of this thesis.

3[)871) is time independent in our case, so the time order operator and the integral in the
exponent disappear.

4An exciting discussion about units can be found in [Wilczek, 2007].
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Subsequently the moments and cumulants can be derived. The derivation
according to the counting variable was already explained in section 3.3 and
many other publications concerning Full Counting Statistics [Schaller et al.,
2009, Kambly et al., 2010, Flindt et al., 2010a]. The paper of [Belzig, 2005] for
example is a adjuvant overview.

To refer to figure 3.1 this action is expressed by the FST -arrows from the top
n—x

to the bottom.

LT
n n n n— t—z N - 2 (”_1)
Bep™ (1) = L5 p™ (1) + Tn1p" D () —— pn(2) =Pu(2)Wro (2)po
FSTl FST

Aipx(t) = O ijo P ()€™ = 3y (Py(t) * Gy ()po) +————  px(2) = Py(2)Gx(2)p0

Figure 3.1: Overview: Forms of the Quantum Master Equation
*: convolution integral
tLT : Laplace Transformation
—z

FST : Fourier Sequence Transformation
n—x

In the following the transformation between the forms are explained in detail:

Step 1: Laplace Transformation from time to z-domain (LT)

t—z
The Laplace transformed density matrix is defined as
pn(z) == tLTp(”)(t) = / e #tpM(t)dt, zeC. (3.2)
—z 0

Applying the Laplace Transformation (tLT) to equation (3.1) yields
—Zz
2n(2) = puli=0) = £8"pn(2) + T Vpna () (3.3)
(2 = L8)pu(2) = TV i (2) + puli=0). (3.4)
In this connection p,(t=0) is the vector, when counting is started.
. -1
We write p,, (+=0) =: 6, 0po and define the propagator®. P, (z) = (z — Egn)) )
Inserting this definition into the former equation leads to
pn(2) = Pu(2) (T pu1(2) + dn000) (35)
This is a recursive relationship for p, (z)

po(z) = 750(2)/’0
pn(2) = Pu(2)T "V p1(2). (3.6)

5Mathematically seen, this is the resolvent of Eén). Compare also [Emary, 2009]
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The next step is to get an explicit formula for (3.6). It can be expanded to

pn(2) = Pr(2) T D . TOP(2) T OPy(2)po. (3.7)

By using the short hand notation

. R (n)
Wi(2) i= TP (2) = L(n) (3.8)
z =Ly
0
WV = T Waz) = . W)W (2) W (2), (3.9)
k=n—1
7

pn(2) can be expressed as’

4 ,(n—1)

(50(2) = PV o) (3.10)

Step 2: Fourier Sequence Transformation from particle number to
the counting field (FST)
n—x

Defining 8

n=0

Py (z) = Z pn(2)e™X = <Z ei”X’IA?n,(z)VAVE:Ol)(z)) £0- (3.11)
n=0

This equation is quite abstract. Therefore, the first terms are explicitly written
down (read from right to left).

pe(2) = o @ Wa(2) + Pa(2)) Wi (2) + Pi(2) ) e Wo(2) + Po(2) ) po
(3.12)

g™
=L’
was no general expression for that sum. In forecast to the clean limit and the

general case discussed in [Flindt et al., 2008], the formal short hand notation

If there is no additional information about W, (z) = it seems as there

P ()G (2) = (Z &P, ()W ”<z>> (3.13)
n=0
is introduced and (3.11) reads
(5(2) = Pu(2)G ()00 (3.14)

The difference between this notation and the notation, used in

[Flindt et al., 2008]:  p(x, 2) = G(x, 2)p(x,t = 0), (3.15)

6Notation advice: An empty product [] = 1 and an empty sum > = 0.

7If one does not like the definition with the VAVS:(; 1)(z) superoperator, one can keep the
explicit formulation of equation (3.7) in mind.

8Notation advice: From now on x is the counting field variable. This is independent from
the total system matrix.
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is that in our case the superoperator 4% depends explicit on n and not on n—n'.
This becomes relevant in chapter 7, where the impurity case is discussed.

For now, we investigate the known case, where the jump operator does not
depend on n. From now on this case is called clean case.

The same procedure is applied to random tunneling rates in part II. The special
case of the simulated Single Quantum Dot is taken into account in chapter 8,
where the simplification of P, ()G, (2) is slightly different from the procedure
for the clean case. The results for n-independent Liouvillian and jump operator,
e.g. independent rates I';, = I', have already been discussed in the previous
chapters of this thesis. For comparison we reference back to these results and
mark these sections with clean limit or clean case.

n-independent nojump operator (L)

To demonstrate how to calculate with the introduced superoperators, this step
was inserted on the way to the clean case. Nevertheless this should be seen
as mathematical example, for which no common physical realization exists. °
Assuming that the Liovillian is constant /3(()”) = L and the jump operator J (™)
stays n-dependent, leads to a constant propagator P(z) = P, (2).

Equation (3.11) gets simplified to

py(2) = P(z) <Z einxwffo‘ ”(z)> po- (3.16)
n=0

As above the short hand notation

Gy(2) = (Z ei"XVVf:fJ 1)(z)> (3.17)
n=0
is used and (3.11) reads
px(2) = P(2)Gx(2)po- (3.18)

Clean limit

For the case of the additional restriction of a constant jump operator J = 7™,
it is eye-catching that W, (z) = W(z). W;ngl)(z) simplifies to W;ngl)(z) =

W"(z). Thus, pn(2) (3.10) becomes

pn(z) = P(2)WV"(2)po = M (2)P(2) o (3.19)

9 The difficulty is to construct a jump operator, where the entries in the columns sum up
to 0. An imaginable process would be a system with two or more targets (on the right side).
One possible jump process would be the following case: The electron is in a state, in which
it is clear, that it leaves the system in the next step. The degree of freedom is limited to the
targets, the electron jumps to. This rate could be n-dependent and would not affect the claim
that the sum over the column entries has to be 0.
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As it was implied by (3.12), GX (2) becomes a geometric sequence '°, where the

N R N
limit is known as G, (z) = (1 —W(z)elx) . Thus, equation (3.14) can be

expanded to
N ; 1

For comparison we define M (z) := P(z)J, which allows to rewrite the former
equation to

>

. _ 1 b(s
O TRRRACLY (3.21)
With the definition po(z) := P(z)po we get
py(z) = (1 - eixM(z)) " o). (3.22)

This is very similar to (3.15), which was expected for the clean case.

Admittedly this is a more descriptively form. However it is not ’compatible’ to
the n-dependent case, as rates of order n and n — 1 would be mixed in that case.

Alternative way*

An alternative is to use the other way round in the diagram 3.1. The counting
field in the time domain is defined as expected as py(t) = S o0 p(™) (t)elnx,
This way was used by [Flindt, 2007] and is adopted in chapter 7. It can be
stated that both ways lead to the same result

py(t) = FSTp™(t) = LT 'FSTLT p™(¢). (3.23)

n—x z—t n—xt—z

Formally that means that one has to prof the Commutativity of diagram

3.1. Therefore, it is sufficient to show that {FgT, tL;F] p™(t) = 0. This can be
n—x z

mathematically shown in the following way. In our formalism p(™ (t) is a vec-
tor, which depends on the variable t. Writing this vector as p(n,t) # p(n(t),t)
shows that the variables n and ¢ are independent and can be transformed inde-
pendently.

01 421 +z(1+z(1+...)))) with z = eIXW(2)


http://en.wikipedia.org/wiki/Geometric_progression
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3.3 Statistical quantities

In this section it will be discussed how the relevant information of the nQME
are filtered out. In general there are two strongly related approaches. On
the one hand one could directly take a visual look to the occupation of the
system by printing a histogram, which specifies the probability distribution that
indicates how many particles have passed a system after a certain time. This
representation does not necessarily provide clear statements. But it is always
possible to get the probability distribution with a numeric simulation. The
connection between density matrix and occupation approach is discussed in
the first subsection. The possibility to create of an histogram with a numeric
simulation stands in connection with a large computational effort.

On the other hand the methods of descriptive statistics can be used, where one
describes the histogram with a view variables that specify its outlook. The
advantage of this approach is that the information, gained by this proceeding,
classifies the system and produces well-defined results.

Pn Pﬂ Pn
0.30 ; 015 0.15
0.25
0.20 / 0.10 0.10
015F g
0.10 0.05 0.05
0.05 H H
: L L n n ' L n
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
distrib. binomial (discrete) Rayleigh chi squared
POF | P@ =@ -prt | S = ge | g = e
2
param. n=20,p=.5 o=5 o=5
mom. 5. 27.5 162.5 1017.5 6.27  50. 470.  5000. 5. 35. 315. 3465.
cum. 5. 2.5 0. —1.25 6.27 10.73 22.18 28.22 5. 10. 40. 240.
aam. 5. 2.5 0. 2.8 6.27 10.73 0.631 3.245 5. 10. 126 54

Figure 3.2: Three exemplary Probability-Density-Functions (PDF) and normed his-
tograms for 20 events of certain distributions. In the table details for the
distributions are given. The values were calculated with a simple Math-
ematica Program and only give an imagination of the gathering of image
and parameter. The following abbreviations are used.
distrib.:name of the distribution
param.:parameter used for the PDF- and histogram-plot
mom.: moments 1 to 4
cum.: cumulants 1 to 4
nam.: named forms 1 = mean, 2 = variance, 3 = skewness, 4 = kurtosis
(from left to the right)
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There are three equal ways of description in means of descriptive statistics.
Moments can be simply derived from the nQME, but are not very intuitive.
Cumulants can be derived directly from the moments and are more intuitive.
Named forms exist for the first crucial parameters

(mean, variance, skewness, kurtosis).

The disadvantage of this approach is that there are only few systems, where
these values can be derived analytically. However, even if the values come
from a numerical evaluated histogram (first approach), it leads to comparable
data. In figure 3.2 this is visualized for some distribution, which are chosen
independently from physical models. In the following section the situation is
explained, where the density p, (z) matrix is known as a function of the counting
field. For arbitrary n-dependence of the QME this is not the case. In that case
this technique would not be applicable and a way to derive m,,(t) directly from
p™(t) would have to be found. However, there is a wide range of cases (clean
case, random case (part IT), simulated Single Quantum Dot (see chapter 8)),
where this technique can be used.

The way from the density matrix p, () to the long-time cumulants is visualized
in figure 3.3 and will be explained in the following two sections.

X " X0 LT n
pr(z) — M(ix) DT i (z) 22 Mo (t) £ () en(t) =255 oo
=) el
LT n
mn(z) z—t mn(t) Z(k) En(t) t—o00 Cn’oo

Figure 3.3: Overview: From Density matrix to statistical quantities
This scheme illustrates how the cumulants can be calculated. The values
on the bottom are approximated. In the long-time limit this should lead
to the same results as the exact calculation for the current ({I..)) Fano-
factor ((Fuo))
LT: Laplace Transformation
FST: Fourier Sequence Transformation
§>_<0 : Taylor Series

The overall concept to derive the cumulants (in time space) from the moments
in Laplace Space is the following:

1. to calculate the moments i (z) in Laplace Space
2. to do Inverse Laplace Transform of my(z) written as my(t)
1 _
3. to calculate the cumulants ¢, = m,,(t) — Z:l (Z_})ckmn_k(t)
4. to normalize ¢,, to ¢

After that it is possible to derive the long-time limit.
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At this point it has to be remarked that this procedure was detailedly discussed
by many authors [Flindt et al., 2010a, Belzig, 2005]. Especially the way taken
by [Flindt et al., 2010b] is quite similar to the approach in this thesis.

3.3.1 Occupation

The object we are interested in, are not the density matrices themselves, but
the sum of the probability of the occupation. For example, the probability
distribution concerning the number of transmitted particles at a specific time,
is in focus of interest. Examples can be seen in part III, e.g. in figure 9.3.

The connection between probability and density operator is given by
P =Trp (3.24)
in the not n-resolved case P = 1. In the n-resolved case we achieve

1=) P, (3.25)

For P, = 3 P,einx,
Pyp=1. (3.26)

P might depend on ¢ or z what is not explicitly marked. In the z-dependent
case

3.3.2 Moments

From the mathematical point of view k’th moment (of the occupation probabil-
ity) in Laplace Space has to be defined as

~ 1 k 9

mg(z) := )1(13}) OyM(x) moment, (3.27)
whereby M (i) is the Moment Generating Function (MFG). For a single
random variable X this function is defined by Mx(ix) = <€1XX> [Ming-Kuei,

1962, Weisstein, ], in accordance to our definition of the

Moment Generating Function [M(IX) =P(x) = Trf?GX(z).j (3.28)

That leads to the same result as in [Emary, 2009, 9.22]. Explicitly spoken the
Inverse Laplace Transformation yields

z—t

LT 'P(x) = Y Pu(t)el™ = M(x). (3.29)
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Computation power

To calculate the moments explicitly we have to compute the derivatives of the
Moment Generating Function. The common way is to calculate the Moment
Generating Function for a specific given problem and derive the moments hence-
forward. But it is also possible to derive the moments in general. The advantage
within this approach is that one only has to calculate the powers of matrices
instead of derivatives. Through that the computational effort decreases. To give
an example: For the Double Quantum Dot, the Moment Generating Function
approach needs more than 64 seconds to calculate the Fano factor (definition
see below) with random tunneling rates. The matrix approach consumes less
than 2 seconds.!!

General formula for moments

In this section the general way is discussed. Therefore theorem 12 (p. 132) is
useful.

The application of this theorem with G, (2) = ﬁ(@ A~1) leads to
G (2) = =Gy (2):0(1 = W(2)e™) .G, (2) (3.30)
=ieXG, (2) W(2).Gy (2). (3.31)

The i factor vanishes if one regards the definition of the moment (3.27) (obvi-
ously 6{; = 1%8;2) This means for the first moment 7724 (2)

i (z) = — iTrf?(z).@XQX(z).po‘

x—0

_ mS<z).Qx(z).eiXVv(z).QX(z).pO‘H)
= TP (2).(1 - W(2)) " W(2).(1 = W(2) " po (3.32)
= TrP(2)Go(2)WV(2)Go(2)po (3.33)

with Go(z) = (1 — W(z))~'. The higher moment can be calculated in the same
procedure.

The second and third moment read

ta(2) = TP(2)Go(2) (W(2)Go(2) + 20 (2)G0(2))%) o (3.34)
ig(2) = TP()G0(2) (W()G0(2) + 60V ()G0(2))2 + 60V (2)Go(2))°) o
(3.35)

For the exact calculation and derivation refer to appendix C.1, p. 141.

1This is the time needed by the analytical Mathematica Program. A numerical algorithm,
e.g. written in C using LaPack, is expected to be much faster.
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The general expression for the m’th moment reads

1 (2) = TrP(2)Go(2) <Z e(m, k)(W(z)Go(z))m> 00- (3.36)

k=1

¢(m, k) is a numeric coefficient that can be calculated numerically in a very
short time.

ce(m, k) =klé(m —k+1,k) (3.37)

K id(s—1,4) s> 1

3.38
1 else ( )

with  ¢&(s, k) = {

This recursive property was also investigated in [Flindt et al., 2010a] with a
different notation explained in [Flindt et al., 2005, Flindt et al., 2004].

Inverse Laplace Transformation

The next step is the Inverse Laplace Transformation LTt_1 of the moments
z—r

My (2). Unfortunately, there are many cases, where this Inverse transformation
cannot be calculated analytically. Nevertheless, the key interest is only the
long-time limit for the moments, cumulants etc. Therefore the difficulties of
the Inverse Laplace Transformation can be avoided by a series approximation.
Thus, one makes a series development around the point z = 0 (denoted as ZE”<O),

the moments up to the order of O(2°). This is sufficient, if the long-time limit
is in focus of interest. In terms of diagram 3.3 that means that one would take
the lower path. The following notation is used

my(z) = Z apz b + 0(2)° = 1, (2). (3.39)
b

This function only depends on terms of the form az~?, where the Inverse Laplace

Transformation is known as LT "taz™t = (bfl)!tb’l. At this point it becomes

z—t
obvious that higher order terms vanish in the long-time limit. For details cf.

proposition 8 (p. 130). The moments in time space are called m,(t) and the
series approximation is denoted with m, (¢).




3.3. STATISTICAL QUANTITIES 37

3.3.3 Cumulants

Afterwards it is straight forward to derive the cumulants. The relationship
between moments and cumulants is given by

enlt) = mat) — 3 (Z B 1) ek (E)mn i (2). (3.40)

k=1

A special case of this formula is the displacement law (theorem 5). The
approximated cumulants, which are derived by the approximated moments, are
analogy defined as

A n—1

n(t) := 1 (t) ; (k - 1)ck(t)mnk(t). (3.41)
At this juncture it has to be discussed what the appropriated order of the series
approximation is. Therefore theorem 8, series of a product of functions, is
helpful. Applying this theorem to the definition of ¢, (¢) shows that, if the order
of the Taylor Series for my(t) is k, the order of ¢, () is k as well. As well as
there is a Moment Generating Function for the moment, there is a Cumulant
Generating Function (CGF) for the cumulants. The CFG is only well defined
in time space. The connection between MGF and CGF is simply given by

M(iy) = ef'xit), (3.42)
In this thesis the CFG will play a minor role. An interesting discussion can be

found in [Flindt et al., 2010b, 11], where the identical results are gained in one
step

c+ioco
1 .
S(x,t) — zt
e 31 / e*'Pdz. (3.43)

3.3.4 Central moments

The representation of moments, cumulants, current and Fano factor in terms
of raw moment of waiting <7k > is helpful for the clean limit. In that case the
density function is a delta function f(7) = d(7 — 79), which replaces the waiting
time by its value <Tk> — 7§, A distribution function, which is given in terms of
the expected value and its central moments, is likely in reality, where distributed
waiting times appear. Therefore it is convenient to express the results in terms
of central moment (e.g. cx(t, (1), (72),(7%)...) = c(t, (), p2, p3,...)). The
transformation function is given by [Weisstein, 2010a]

=3 (1) (C0m (3.44)
k=0

which implies [Weisstein, 2010Db]

(=3
k=

0

(Z) RCa kel (3.45)
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3.3.5 Named forms

Table 3.1: Named statistical quantities

mean (P) =ma(t) = c1(?)
variance  Var(P) = ca(t) = ((P — (P))?) = (P?) — (P)?

(P=(PY*) )
skewness varP)E  ea(n)?
J1Q z (t)

kurtosis c;(t)

Apart from the named forms for statistical properties (listed in table 3.1) there
are two named quantities. First of all, the (average) current, which is as expected
the time derivative of the first moment.

Current |I(t) = 0yma(t) (3.46)

Secondly there is the Fano factor [Fano, 1947], which is defined by

Fano factor | F(t) = (3.47)

Roughly spoken the Fano factor is the common way to describe the quality of
the current. A small Fano factor stands for a constant current.

Fano factor in Laplace Space*

A hardly possible way to calculate the second cumulant, is to use a standard
Laplace Transformation

c+ioo
62(2) = ﬁ’Lg(Z) — i\/ ﬁll(O')ﬁll(Z - CT) do. (348)

2mi c—ioo

In that case one has to be careful with the choice of ¢, because all poles of
m1(z) and not of 7y (o)m1(z — o) have to be collected to keep the integral
convergent 12,

Afterwards, the Laplace Transformation of the reciprocal of the first moment in
time space is needed. Unfortunately there seems to be no easy way to calculate

12That formula was derived via tIiT (m1(t)?) = fg m1(t)m1(t)e~*! dt, where one replaces
L z

fc+ioo ~

a term mi(t) by [0 mi(0)e’tdo. The pole of 7y(z) with the highest real part is

called omaz. Now one can choose ¢ = Omaz + € with a small € > 0. So tLT (ml(t)z) =
—2z

JEHZ2 (o) J ma(t)e= G-, dido, where [ mi(D)e= (==t dt = 1 (= — ), which only

c—ioco

converges if Re(z — 0) > 0maz = Re(z) > €.
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the reciprocal in the time domain of a function given in Laplace Space in general.
So one would need to transform the first moment into time space, calculate the
reciprocal and transform back again. In most cases it will be easier to use the
general method presented in the next chapter. For the case that

1

Mitine(2) = LT | ——— 3.49
1t1 ( ) PieS LT_l(ml(Z)) ( )
z—t
is known, the Fano factor in Laplace Space can be defined as
R 1 c+ioo
F(z):= 2 éo(2)Mat1ne(2) do. (3.50)
1 Je—ioco
This is the Laplace Transformation of
C2 (t)
F(t) = , 3.51
=23 (351)

which was the Fano factor, defined by (3.47).

To carry out this integration might involve some difficulties. This will be clarified
with the example. In the example this method is used, even though it is not
the simplest way to derive the result (see section 5.1).

3.4 Long-time limit

The time evolution of the moments and cumulants is often hard to obtain. The
impurity case in chapter 7 is an example for that (see also [Zedler et al., 2009]).
In many cases the key interest is in the long-time values and not the behavior
of the current on very small time steps. In addition to that the approximations
made in the derivation are better for large times. Therefore, one regards the
quantities at large times. In mathematical words in the limit for ¢ — co.

The long-time limit for current is defined as

(I.) Etlim Oym () (3.52)
Long-time Current o 2 4
= hrr(lJ z%my(z). (3.53)
z—

The proof of the equality of definition 3.53 is given within theorem 9.

With a known Fano factor in Laplace Space, it would be possible to derive the
long-time limit as in the former section.

F(t — o0) = lim zF(2) (3.54)

z—0

In the regarded cases this does not occur. So one has to use the standard method
to calculate the Fano factor in the time space.

t
Long-time Fano factor |(F, ) = thm o Eg
—00 C1

(3.55)
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In the same style the long-time limit for higher order cumulants is obtained. A
special notation for that is not being introduced. So we write

im ck—(t)
2Sl_mO o) (3.56)

for the k’th cumulant normed to the first cumulant in the long-time limit.
This normation is helpful, because one otherwise obtains many infinite values

for the cumulants.!®

13Even the simplest example, the Tunneling Junction in the clean limit and infinite bias
limit, leads to infinite long-time cumulants if no feedback loop is applied to the system cf.
chapter 9 for details.



Part 11

Application to random
waiting times

41






Chapter 4

Formalism

In this part it will be explained, how current, Fano factor and higher order
cumulants can be obtained for random tunneling rates. One might ask oneself
why the rates should become random in physical reality. Imagining a real sys-
tem, for example the Single Quantum Dot with n-dependent tunneling rates. If
one remembers the derivation, where the bath was described as grand canonical
ensemble, one might get the idea of a continuous change of the rates up to a
balanced situation. This case has already been discussed.However, the assump-
tion that the bath is constant, does not fit to the real situation, where many
fluctuations exist in the bath. Due to the size of the bath, there is no reasonable
chance to find an exact expression. Therefore, one assumes that the rates are
random variables with a certain statistic. This approach is common in solid
state physics, where the system size becomes large soon.

Assumption: statistical independence

With the assumption that all E)E") are statistically independent, one is able to
solve the Quantum Master Equation (nQME) equally to the way, taken in the
clean limit. The key idea is to replace the n-independent terms by their
expectation values.

Two way randomness

This random rates read to two types of random processes. On the one hand
there is the statistical randomness that is induced by the random rates. On the
other hand there is the standard quantum mechanical randomness that occurs
in the clean limit as well. In this thesis we will focus on the expectation value
of the probability with regard to the tunneling rates. Higher Moments, with
regard to the statistical distribution of the rates, are not taken into account.
For example the calculation of the Fano factor of the Fano factor is possible,
but a reasonable physical interpretation of this value cannot be obtained at the
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actual level of considerations. For the nQME (3.1) this means

(0™ (1)) = (L5 6™ () + Tu1p" D (0)). (4.1)

This equation is no really good starting point as the right hand side depends
on n,n — 1. The use of the solved form in Laplace Space (3.10)

(n(2)) = (W, (2 Po()p0) (12)

is much better, because the rates factorize in this representation. At this point

it is helpful to define W(z) = <Wn(z)>775(z) = <75n(z)>

Now the expectation value for the system density matrix in Laplace
Space reads

((n(2)) = W) P ()0 (43)

With the discrete Fourier Transformation and the short notation p, (t) = 3, p(™ (t)ex
one gets

(oy(2) = [1 = W) D)o (4.4)

Defining the k’th moment in Laplace Space as

Tk ()

mg(z2) : W , (4.5)

x—0

leads formally to similar moments as in the clean limit. *

Time domain

Formally one can transfer back to the time domain and derive the P,(t).
Calling P(t) the Inverse Laplace Transformation of P(z) and R, () the Inverse

Laplace Transformation of G, (z) = [1 — eiXW(z)]_l, leads to the formal defini-
tion

(px(8)) = P(t) * Ry (t). (4.6)

In this context * stands for the convolution-integral. If this expression can be
calculated analytically, depends on the concrete realization of the system.

IStrictly one has to write (1 (2)) instead of 7y (2) .
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Waiting times

It is often helpful to use waiting times 7 instead of tunneling rates I'. Especially
in experiments the measurement results are expected to be waiting times instead
of tunneling probabilities. The general relation between waiting times and
tunneling rates is defined by

(4.7)

M=

(waiting time) 7 :=

Waiting times and tunneling rates are connected via the following relationship

T) = / Lf(D)dl = / % f(r)dr (4.8)

foy=fo(g-r)rmar =10 =s (1) wo

T2

and the other way round.

Obviously f (7) tulfills the same properties as f(I"). Integration, by substitution
(x =7171) of

/OOQJ?(T)dTZ/OOOTle<71_> drz/;o—ijf(x)dx:/ooof(x)dle,

(4.10)

shows the property of norming.

Alternative denotation: Negative moments

Instead of waiting times, <F_k > could have be called k’th negative moment. A
disadvantage of this appellation is that waiting times can be mixed up with the
waiting time distribution for constant tunneling rates studied in [Brandes, 2008].
The origin of the waiting times is the default quantum mechanical blur. In
contrast to that, the waiting time distribution discussed in this thesis, targets the
statistical uncertainness of tunneling rates. The investigation of the relationship
between this different types of waiting times could be the subject of future
research. A brief discussion on that topic can be found in chapter 10.

nQME Mathematica Package

Due to the huge computational effort, which is needed to do the calculations
a Mathematica Program was developed. This program is aware to calculate
automatically the analytical expressions for current, Fano factor and higher
cumulants for the long time limit. The only information needed is the Liouvillian
and Jump operator of the system. Furthermore, this Mathematica Package
involves a bundle of useful tools for to perform numeric simulations and generate
plots and animations. In addition, there is a snipped for the derivation of the
Liouvillian for a given Hamiltonian.






Chapter 5

Simple examples

In the following the method, proposed in the former chapter, is applied to simple
realistic quantum mechanical systems. It is being started with the simplest
system, the Tunneling Junction (5.1). Afterwards the Single Quantum Dot is
described in section 5.2. In the following the method, proposed in the former
chapter, is applied to simple realistic quantum mechanical systems. It is being
started with the simplest system, the Tunneling Junction (5.1). Afterwards the
Single Quantum Dot is described in section 5.2.

In the following section this method is being generalized to systems without
internal dynamics, transitions in a ring (5.3). Finally an extended discussion of
the Double Quantum Dot is performed in section 5.4.

For all cases current and Fano factor are obtained in the long-time limit.

5.1 Tunneling Junction

The simplest, imaginable system is a Tunneling Junction, which is visualized in
figure 5.1. On this system the first experimental measurements were performed
by [Levitov et al., 1996] (up to the 3rd cumulant) and later on by [Reulet et al.,
2003]. In this thesis only the special case of the infinite bias limit is taken into
account. So the jump and nojump operators can be easily obtained.

The dimension of the system density operator is 1, which makes Liouvillian and
jump operator be 1x1-matrices, which are isomorph to the scalars!

Eén) _ _1—\(n)7j(n—1) _ F(n—l) (51)
For this system the nQME (3.1) reads

D™ (t) = T pm= () — D0 () (1), (5:2)

I This seems to be a formally negligibility, but plays a decisive role in numerical implemen-
tations.
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L eft reservoir Right reservoir

Figure 5.1: Visualization of a Tunneling Junction in infinite bias limit with pr =
—pR = 00

The application of the Laplace Transformation (tLT ) leads to
—z

2pn(2) — pn(t=0) = F(nil)ﬁn—l(z) - O (2). (5.3)

Due to the fact that every density operator has trace-class Tr(p) = 1 (see ap-
pendix (B.7), p. 134), p,,(t=0) = d,,0 is given.

The recursive equation for p,(z) reads

1

pn(2) = ST (F(nfl)ﬁn—l(z) + 5n,0) . (5.4)

This equation can be recursively solved (cf. (3.10))

1
. ) 1
pn(z) = <kH - r(k)) — (5.5)

=N

According to the general proceedings we define

- 1 N r®)

So (3.10) becomes in the

1 CTw
one dimensional case |pn(z) = TETm H TiTm ) (5.7)
k=n—1
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Clean limit

As a first step, we will reproduce the known results for the clean case. With
I'®) .= T = constant, one gets

F’n.
p(2) = ——— 5.8
pn(2) Gy (5.8)
Applying a discrete Fourier Transformation FST to the former equation leads
n—x
to
e 1 (59)
Z e Ea— .
Px z—T(ex = 1)

After the Inverse Laplace Transform LTl;1 the time dependent counting field
zZ—r
reads
py(t) = e T=et, (5.10)

In this one dimensional case all density matrices are 1x1-matrices. So the trace
operation is the identity

Py (t) := eSr0ot) = Px(t) (5.11)
S,(x.t) = T(elX — 1)t. (5.12)
This result is in accordance with the known result of [Flindt, 2007][4.8].

For current, Fano factor and higher cumulants, one gets the (known) results

eiXF . 2 r
2—213%),2 ?—F (5.13)

(I.) = lim 2% lim :
z—=0  ix—0 (Z B (elx _ I)F)

= 1m Ck(t)
(Foo) = Jlim =)

=1. (5.14)

In other words all cumulants grow linear in time. This result will change, if a
control loop is applied to the system. This case is explained in chapter 9.

5.1.1 Current

In the following the current is derived. The first value we are interested in is
(pn(2)). It has being assumed that all T';, are statistically independent.

. -1
Remembering the definition of the propagator P, (z) = {z — Eé")] and the

definitions
P(z) = (Po(2)) = <z+11"(")> :<z+1r> and (5.15)

Wi(z) = TP(2) = <Z£(;)(n)> :<Z£F> - <'Zigz> —1-2P(2),

(5.16)
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where the concrete Liouvillian and jump operator for the Tunnel Junction were

inserted, according to (5.1).

Consequently (4.3) becomes

1 ={ o) (1T (7))
(=) ((50) o

=P(2) (1 + zﬁ(z))n . (5.18)

The next step it to do the Fourier Transformation (4, (2)) = (y(2)).
In accordance to (4.4) this yields to?

(rx(2)) = — ~ (5.19)
* 1+ elx (z’P(z) - 1)
The first moment 7727 (2) := (=10, )py(z) at x =0 is
1 1
mi(z) i = ——— — —. (5.20)
2?2P(z) =2
For the current that means
T 2 A
(Ia) = lim 2 ()
= — (5.21)

m —
z—0 P(z)

A series approximation of 75(,2) up to the third order of z is

() () 4{) e

By using (4.7) the former equation can be rewritten to

—~

5.22)

P(z) = (1) — 2(7%) + 22(7%) + O*(2). (5.23)

For the long term current only the first term of the series development accounts,
as the other terms lead to an order below zero in the current and disappear (see
theorem 8). Inserting this first order approximation in (5.21) and executing the
long-time limit results in the

long-time current QI(XQ = <;>1 = <T>1] (5.24)

2With the geometric sequence.
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For the clean case the long-time limit is known as I__ ., = I'. This can be

cl
also expressed in terms of inverse Tunneling Rates I__ .}, = % For the clean
case both formulas describe exactly the same expression, but by using different
variables. The question is, due to which physical reasons, the representation in
terms of inverse waiting times, is formal equivalent to the random case. On the
one hand the rate I' is microscopically derived from the Interaction Hamiltonian
T kansbl +.... Therefore, one might think that this is the canonical variable to
describe the current. One the other hand the simple definition I = Q ~ T s
an argument for the waiting time interpretation. In conclusion, it can be stated
that at this point no convincing physical interpretation can be given. Explana-
tions follow in the c case (see section 5.2) At this point the difference between
waiting time and tunneling rate interpretation, respectively the connection be-
tween tunneling rate an current, is discussed. In the tunneling rate picture
the following goal can be formulated: If the exception value for T', (T') , is known,
one would like to receive a formula for the long-time current. Mathematically
spoken, an arability function f(({I')) is needed, for which

(Io) = f((T) = (r) 7" (5.25)

holds true. f(I') = T follows from the clean case, which means a delta distri-
bution for the Probability Distribution of the tunneling rates. At this point no
obvious solution for f((I')) is given.

67><F> = <T><i> =1+ a} (5.26)

« exists for every Probability Density Functions (PDF) of T" or 7 and becomes
0 in the clean limit. In that case it can be shown that o > 0 is valid. The prove
is outlined in the appendix (A.1.1 p. 129).

A budding approach is

Thus, the current in the tunneling rate picture reads

()

T 1txa

(I) (), @) (5.27)
A function for f((I')) could not be found, but a function, which depends on the
expectation value and one additional parameter. For this Tunnelling Junction
Model it is not traceable, for which reason this parameter is sensible. This will
be clarified in the case of the Double Quantum Dot (cf. section 5.4). It has
to be again remarked that (I'"!) could be called first negative moment (cf.
chapter 4).
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The observation up to this point can be summarized in the following manner:

1. The long-time random current is the inverse of the expectation value of
the waiting time, (I ) = ﬁ in the waiting time picture.

2. In the Tunneling rate picture the long-time random current is smaller
than the expectation value of the tunneling rate (I ) < (T').

3. To calculate the long-time random current in the tunneling rate picture
one needs an additional information about the distribution of the tunneling
rates, beside the mean of the tunneling rate.

From now on the waiting time picture is, therefore, preferred.

5.1.2 Higher moments

The higher moments can be calculated in the same way. Using the developed
Mathematica Package nQME leads with 7 (z) = W(2)Go(z) = AP

) 1—1+42P(2)
z75(z) —1lto

N 1 1

()= o>

22P(z) ~#
(5.28)

R ( ) 2 3 n 1

Mo (2) = — - — -

? 23P(2)?2  22P(z) %2
(5.29)

s (2) 6 12 4 7 1

ms(2) = — - — - - =

’ 2AP(z)2 23P(2)2  22P(z) =
(5.30)

. 24 60 50 15 1

ma(2) = —= - — + —= - + -

25P(2)r 2AP(2)2 23P(2)2  22P(2) %
(5.31)

. 120 360 390 180 31 1

ms(z) = — - — + — - — + —= - =

25P(2)5  25P(2)r  2AP(2)3 2P(2)2 22P(z) =

(5.32)

R 720 2520 3360 2100 602 63 1
me(z) = — - — + — - — + — - — + -
2TP(2)8  28P(2)5  25P(2)*r  24P(2)3  23P(2)2  22P(z) =%

(5.33)

A way to obtain the long-time limit is to calculate Taylor Series for 75(2) at
z =0 up to order 2" to calculate the long-time limit afterwards.
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In z space the first three moments read

i (z) = <T122 + <<TT;>Z - % +0 (2" (5.34)
I R R T I
(T)%2 (T)%2 (122
(5.35)
R 6 6 (3<7'2> — 2(7’}2) ()4 — 24<T2><T>2 — 18<T3><T> + 36<72>2
Ma() =Ty (i (r)522
N T2 ) (m)t + 243 ) (7)3 + 18 ((*) — 2(72)2) (1)2 — 72(72)(73)(7) + 60(72)?
()62
— % +0 (2°). (5.36)

Higher moments can be calculated similarly. The Inverse Laplace Transforma-
tion LTt_1 is now quiet simple, because only expressions of the form az~"™ have
z—

to be transformed, which leads to a% (compare theorem 8).

)
mq (t) = + ) (5.37)
12 t (4<72> — 3(7’)2) (r)4 — 3<72><T>2 — 4<T3><T> + 6<7’2>2
ma(t) = 2 3 4
(1) (1) (1)
(5.38)
t3 362 (2(1)2 = 3(r%)) ¢ (T(r)* = 24(7?)(7)? — 18(73)(7) + 36(7%)?)
O =E T T G
N 7<7‘2><7’>4 + 24<T3><T>3 +18 (<7’4> — 2<7'2>2) (T)? — 72<T2><T3><T> + 60<72>3 .
(r)® '
(5.39)
Checking the current in time-domain leads to
(I.)=0ymi(t > o) = % (5.40)

In this context the long-time has to be taken into account, as within the process
of Taylor Series Expansion 3><0 , only terms of order ¢ were taken into account.
2=

ea(t — oo)ert = 2<<TT;> 1 (541
C3(t N OO)C;l _ <T>4 - 6<T2><T>2 ;§§T3><T> + 12<T2>2 (542>

Of special interest is the Fano factor. With help of the displacement-law 5
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(r?) = ()% + <(F*1 — <T>)2> it can be rewritten to

Fano factor (Tunneling Junction)

(5.43)
The last inequality holds true, because the standard derivation is always > 0.

5.1.3 Special observations*

In the following section special observations for the Tunneling Junction are
summed up. This considerations are facultative and have no influence on the
following chapters.

Residual method for the Fano factor

To illustrate the principal introduced in section 3.3.5, the Fano factor will be
calculated as mentioned.

First the 1 (2), Mm2(z) can be calculated by (3.27) with the values of (5.9)

R r
R r I?

Now ¢1(z) can be calculated according to (3.48)

r rz. 1 et 2

C = — 22— — — - d
e2(2) 22 + 23 27 Joioo 0%(2—0)2 7
r 2 1 et 1
=+ 5 - — ——do |. 5.46
22 + <z3 2mi _/c_ioo 02%(z —0)? J) (5.46)

So far one has to remind that the choice of ¢ is not arbitrary. ?12 has one pole
at 0 = 0. Therefore, ¢ = € with 0 < € < z is a applicable choice.

The kernel of the integral has two poles of second order at ¢ = 0,0 = 2. But
only the pole at 0 = 0 has to be taken into account.

With the residual theorem 2%1 [ f(o)do = >, Res(f;on) with Res(f;o0,) =
lim, s, ﬁa{;*l ((0 = 0n)*f(0)) [Herbort, 2008] the integral can be evalu-
ated with

1. 5 2
Res (02( o— O) = ﬂglg%)@g (z—0) "= = (5.47)
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Thus, the second cumulant in Laplace Space evaluates to

Step distribution*

Taking the Uniform Distribution
f(I‘) _ @(P - FJV[in) - 9 (F - FMax)

1_‘Mu,w - 1_‘Mzn
as example for a tunneling rate distribution.

(5.49)

Probability distribution for tunnel rate T
f(I)
1

Imax—Tmin

0 Tmin=Imen—€ I'Mean I'max=I'Memn+€

Figure 5.2: Step distribution

With the use of dpLog(z +T) = (L' + 2)~! and Or"' — 2Log (T + z) = S itis
easy to calculate that (p,,(z)) yields, without caring about the poles, to

. z z 4 Dwin \ " 1 2+ Dvaz
n\%)) = 1-—- Lo Lo .
<p ( >> ( F]\/Iam*FMin J (Z+FMaz)) 1—‘Ma:c*FMin gZ+FM1n
(5.50)

With the use of the short hand notation

° 1 z+ FJVIam 1
P@) Tviaw — Dvin 9 <Z + FMm) <Z +T >’ (5:51)

the known form

(pn(2)) = P(2) (14 2P(2))" (5.52)

is obtained.

As described above FST : (p,(2)) = (py(2))

n—x

(5.53)
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The next step is the Inverse Laplace Transformation LTt_1 . According to [L
Ad

i _e , but
is probably unknown.

et al., 1966] the Inverse Laplace Transform is known for LogZ=¢

the Inverse Laplace Transformation of 3

c1tec2zLog(557)

1

—————— leads to
1+elx (1+z73(z))

Defining {(t) as the Inverse Laplace Transformation of

the form

e Mozt _ o=Thint

(or (1)) = t £ 1(t). (5.54)

In that case * stands for the convolution-integral. As [(¢) is not known yet,

another way has to be found. Of course one could investigate the long-time
limit as done for the Single Quantum Dot in the following section. At this point
another possible approach is discussed.

Small bandwidth approach*

A possible approach is to develop (p,(z)) around L = w

The series approximation of (4, (z)) reads

(py(2))° = z—i—L(iiX—l) (5.55)

€ (elx 1)
(px(2))* = 3 (5.56)
3(L+2) z+J_(61X—1))
(b ()" = <€4 (eix - 1>) <9Z€ o ( ;> i Z)) (5.57)
(L+2)° (J_ (eiX - 1) + z)
(cf. definition 14). | = Iactliin The derivation of the known result m; , = Lt

for the limit Tyq. < L, Tyin — L could be used as a simple check. Due to the
long terms of the Taylor Series, Mathematica is used.

et (=14 ¢™X) (9Le™X — 9L + 5ze™X — 9z)
45(L + 2)3 (L (—eiX) + L + 2)*

(px(2))* =

€2 (—1 + eix)
3(L+z) (Leix — L — z)?
1
- (5.58)

The detailed calculation is to find in the Mathematica Notebook NB:SmallBWBar.
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1-Tr 10) 11 1-Iy

Figure 5.3: Single Quantum Dot with n-independent transmission rates
A simple system with a steady state.
As only the states |0)X0],|1X1| occur, it is sufficient to display the pure
states:
|0y= no electron is in the dot
|1)= dot is filled with one electron
To stay in the default notation I}, is the rate of change here.
Thus, the probability that an electron tunnels during the time t, is given
by ILAt.
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5.2 Single Quantum Dot

The Single Quantum Dot (SD) is a system without relevant internal dynam-
ics. Therefore, it is sufficient to regard the |0)0|,|1)1| elements of the density
matrix. Moreover, the Single Quantum Dot is a real physical system, where
measurements can be made on [Gustavsson et al., 2005, Lu et al., 2003, Fuji-
sawa et al., 2004]. A picture of a realized Single Quantum Dot can be seen in
figure 1.1. Despite this experimental interest, we are in the comfortable situa-
tion that it is easy to guess the system description by considering figure 5.4 and
transfer the possible processes into a functional scheme (see figure 5.3).

1y 1R

Leftreservoir System Right reservoir

Figure 5.4: Visualization of a Single Quantum Dot in infinite bias limit with pur, =
—liR = 00

This scheme has to be understood in the following manner: The squares denote
the state and the numbers on the arrows denote the probability for a change
(or no change). A step in the time evolution looks like

() (35 ) () o

= 8, (po(t)) = lim (gﬁgiiib - (ﬁfgiD _ <FL I'r ) . (5.60)

p1(t) At—0 At I, -Ij

"That is the Quantum Master Equation!” Alternatively the dynamics of the SD
can be expressed via the so called Lindblad Master Equation [Breuer and
Petruccione, 2002, Lindblad, 1979]. The jump in- and jump out process can be
VIL|IX0] a=1L
VIRION1 a=R

described via j, 1= { and jT, accordantly.

1
Orp = ilp, Hine] + > (Jap.] o= 5 i aJaap}+> (5.61)

0 for SD «
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00 =T (1101 p 0)1] - 5 (0K 101,
T (10X 100] = 5 (101104110}, ) 6.02)

9p =11 (po,o [1NL] = po,o [0XO) 4Tk (p1,1 [OXO] — p1,1 [1)X1])  (5.63)

_( -1t Ik _
= ( L Iy )p— Lp (5.64)

The different forms of possible notation were used here. Especially in the last
line, p has to be interpreted as superoperator, whereas in the second line, p
has to be seen as the ordinary density matrix. Obviously the result is equal
to the result, derived from the graphical representation of this density matrix
(see figure 5.3). In any case by equation (5.64) the time evolution of the total
system density matrix is described.

Simplified derivation of n-dependent case

Disregarding the microscopic derivation of chapter 2, a brief prove of feasibility
follows. First of all, the n-dependence of the system has to be investigated.
Therefore, it has to be examined, which processes changes the n. For conve-
nience, the notation Ny, = Ny, —n — 1, Ng = Ng, — n is used here (cf. figure
2.1, p. 10). The relationship between p and p(™)(t) was given by

p(t) =D " (). (5.65)

The investigation has to be continued by checking the terms of the Lindblad
Form. The constant rate Iy, I will be replaced by I‘L(n), F}gn) and j, changes to

() JVIOD [ 100/ a=1L (n'")
S VIR W + 1,000/ a=R

P = pon [0X0] + prn [1)(1].

4 and jf, appropriate and

For the Lindblad Equation (5.61) this leads to

() () — () st @) L fg 0y @
zﬂ:@m = > <Ja p™itq Q{Ja i e }+ . (5.66)

a,n,n’n’

3In contrast to section 5.3, 1-...was suppressed here
4n; x)x; n| means that n is the number of particles and x the system state
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//‘\ /\-r:?

0) .
o _po 10:0%(0;0 ——TO—— 0:1)(1;0]

N

ro

R

3,pD /r\ L,0X0;Y ——TP—— |1L,1LY
_Fm\/ /

ry
0 - 12,0(02) ——T®@—— 2,112
_rl(_z)\/
ry

Figure 5.5: Visualization of 8”)(”% a Single Quant/@ot with rr(k}pendent
tran rates LU, T\ for n € {0,1,2}
|0 - pure stat %§ {(}}5: empty dot(3)

: pure statlé %ku [ dot 13,1x(L:3]

rocesses, which do not change the numper of tunnele ctrons (start

—Eréci target of the/arrow are in the samgrow) are described with Li(”)
i the jump operator J (.3

14,0)(0;4]
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Evaluating the a = R part of the sum

S (VRS 0| s yosn 1

n,n’,n'

F(”/)F(n”)
— {0+ 1 I+ 10K )
+

(n)
=35 pua 4 100 1] = = {1l )0

=3 Y P11 5 0X0; 2| — T pr s [ 115 | (5.67)

3 0 Ty ) 0 0 (n)

= 5.68
- ( 0 0 14 + 0 71—\1%70 14 ( )
and a similar calculation for o = L, leads to

(n) (n) (n—1)
n -1 —I n 0 I ne
§ 6tp( )(t) = E (%) R ,0( ) 4 R p( 1) (5.69)

n

(n) (n—1)
- 0 0 T, —1
= Bip™ (1) = ( d n ) P+ ( & ) Pl (5.70)
| R 0 0 0
6tp(n)(t) :E(()n)p(n)(t) + j("—l)p(n—l)(t)_ (5.71)

In that way the nQME has been motivated for the special case of the Single
Quantum Dot. A visual representation of this equation can be found in figure
5.5. If there is internal system dynamics H;,: (cf. section 5.4), this is simply

added to £

5.2.1 Counting field

Transformation to the Laplace Space as discussed in section 3.2, yields p,(z) =
~ ~ (n—1)

Pu(z)Wxro " (2)po.

With the assumption that

e all I‘ng/L)L are statical independent,

e and no mixed k, k — 1 from the same side (R, L) appear,

WE:’L(;I) (z) gets simplified to Hz;é <Wk (z)> Remembering that W(z) = <1;Vn(z)>,

P(z) = <75n(z)> leads (in accordance to 3.19) to

(pu(2)) = PV (2)p0. (5.72)
With the short hand notation

Pulz) = <z+lra>’W“(Z) - <z—l;afa>’ (5.73)
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the exception value for the propagator becomes
. ]~ Ppr(z) 0
P(2) = <[z — ] > = | Wo(2)Pr(z) Pr(2) (5.74)
by inverting the matrix. With a simple matrix multiplication one gets
W) = (T0Pu(2) = WelaWa) () TT)° (679
1
= W) = (WG (o TT). 670)
Thus,
X A AT Py (z) L)
Pn(2)) = P(2IW"(2)pg = Wi (2)Wgr(2))" Wi(z) | po. (5.77
(u(2) = PV ) =WaWae)” , P S ) o 577
e .
According to (p,(z)) = <Z ﬁn,(z)elnx> one can use the scalar version of the
n=0
geometric series by regarding that W°(z) = 1 and derive
1 P (2) P (2)
(hu(2) = — PeE) o) - (0 WG ) g
1 — eXWr(2)Wr(2) \Pr(2)WL(2) Pgr(2) 0 0
(5.78)

The second term does not depend on x and has no influence on the moments.
At this point it can be remarked that it is a easy to show that the general
-1
leads to the same result.

formalism with P(2)G, (2) = P(z) (1 - eiXVV(z))

5.2.2 Current

For this subsection we will make use of the short hand notation
PL(Z)

. _ Pr(2) e
Po,SD(Z) = <PR(Z)WL(Z) ]VDVR((,Z))

Thus, the y-dependent part of the Moment Generating Function reads
Trp, gp(2) + const., (5.80)

M(iX) = 1_ eiXWH(Z)

where Wi (z) = Wr(2)Wg(2).

5VAV(Z) #1— z75(z) as in the Tunneling Junction example
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Consequently, the first four moments read

1 (2) =g ) g7 T 5D () (5.81)
ale) == W?;»;);gnizi)g 1)nﬁo,SD(2) (5.82)
R T (5.8
ra(z) = — Wii(z) (Wi(2)? + 11Wp(2)? + 11Wp(z) + 1) T gp(2). (589

(Wn(z) - 1)°

In section 3.3.5 the difficulties of the Cumulant Generating Function were al-
ready discussed. Of course on could use the scheme, proposed in [Flindt et al.,
2010b] and examine the eigenvalues of W(z) or rather M(z) . The explicit
calculation of the trace TrﬁQSD(z), an explicit expression for the first moment,
leads to

my(z) = Wr(z)

Pr(z )#; r(2)W(2) (0o WL(2) + por)- (5.85)

(Wi (2)Wr(z) —1)?

Using the norm of the density matrix (1 = poo + po1) and Wi (z) =1 — 2P (2)
and the same for Wr(z) leads to

) 2Pr(z) — 1 Pr(2)(1 — zPr(2))

M) = B P Pae) — Po(9) = Pa2)) | " 2(:Pu() Palz) — Pulz) — Pa(2)
. s (2Pr(2) — 1)(2PL(2)poo — 1)

= mi(z)z “Pr(2) + Pal2) — 2Py(2) Pr(2)’ (5.86)

For the long-time limit a series expansion for Pg(z) is done that means

PL(z) = <F1L> <Fi >+z <r13>+03( ), (5.87)

which can be rewritten to

Pr(z) = (1) — 2(17) + 2*(1}) + O%(2) (5.88)

by using (4.7) and the same procedure for Pp(z) .

Inserting this into (5.86) leads, after some sorting %, to

1
ingle D 1) = lim 2% = . 5.90
current Single Dot [( o) am 2 i (z) (rp) + <TR>] ( )

That means that the average of the current in the long-time limit is related to
the inverse of the sum of the waiting times. The comparison to the clean case
shows that the former equation

with I o, = % = FEL—SIER is the known result [Emary, 2009].

6Mathematica is quiet helpful here
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Waiting times or tunneling rates?

Regarding the experiment there is no big difference between talking about tun-
neling rates or waiting times, because both values can be measured in principal.

Even so there are two essential advantages of using waiting times instead of
tunneling rates.

e The formular looks easier (even for the clean case)

e The mean of the average long-time current for random rates does only
depend on the mean of the waiting time distribution

One can spend some effort on investigating how systems with the same mean
rates behave. Everything that is to be done for that, is to compare ﬁ to

<7‘L’R>. According to definition 5.26 the relation reads

1+ LR
(I,R)

with a > 0, which was discussed for the Tunneling Junction. The parameter «
can be derived directly from the PDF.

(Tp.R) = (5.91)

5.2.3 Fano factor

Inserting the definition of W (2), Wr(2) to the general formula for 1my(2) leads
to

5 (Pr(2)z — 1) (PL(2)Pr(2)2* — 2(Pp(2) + Pr(2)) +2) (PL(2)pooz — D)

ma(z) = 23(Pr(2)(=Pr(2))z + P(2) + Pr(2))?
(5.92)
A Taylor Series Expansion in first order around z = 0 yields
Pr(z) = () — z<7’§> +0 (22) (5.93)
Pgr(z) = (1) — Z<TI%> +0 (22) (5.94)

with (1y) = (15) + (7). Equation (5.92) becomes
N _ 2 4(<71%2> + <T£>) —3(1g)? — (11)® = 2po0{Tp,) ((TR) + (11.)) L0 (1> .

M) = e ()22
(5.95)
The Inverse Laplace Transform (LTt 1) in the time-domain gives
z—
e = £ n 4t ((rg) + (77)) — 3t{rg)* — t(ry)? — %p0 (<TL>(<7'R> + <7'L>)> .
(1s)? (1s)? (rs)?
(5.96)

That leads to the Fano factor for ¢ — oo

BFOJ = g 720 =m0 2Ari) = ()" + Arh) - <TR>2] (5.97)

t—o00 ml(t) (<TR> + <TL>)2
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There are two useful forms of representations for the Fano factor. The form
above (5.97) can be called moment form, because the Fano factor is a function
of the raw moments of the distribution of waiting times there. The other useful
representation is the representation in terms of central moments, hence is can
be called central moment form.

Using theorem 5 one can express 5.97 via

<T%> + Var(1r) + <T§> + Var(7g)

ool = () T 7))

e}

. (5.98)

It can be shown that the Fano factor is greater than one if the following inequal-
ity is valid.

- ma(t) —mi(t) 2 2

Jim P > L ()N (7~ ())?) > (L)) (599)
It is easy to see that the Fano factor is greater than one if the product of the
variance is greater than the product of the expectation value. This is an intuitive
result. The smallest, possible Fano factor occurs in the clean case. This becomes
obvious by regarding equation (5.98) and the fact that the variance is always
positive.

[z (5.100)

DO | =

The prove of the inequality (5.100) is basic math and can be found in the
appendix (compare theorem 6 p. 128).

5.2.4 Clean limit

In the following subsection the clean limit, which reproduces the known results,
is discussed. For the clean limit with

(1) =T7' (tp) =T%' (5.101)
(rs) =Tp' + 15 ((7) + (7)) =T + T, (5.102)

this leads to

r? +I'%

F = —=_fr 1
oo,cln (FL+FR)2 (5.103)

This is in accordance to [Emary, 2009, 8.34]. Using waiting times instead of
tunneling rates leads to

(11)* + (TR)?
F = — = 5.104
o.cln ((rp,) + <TR>)2 ( )
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Thus, the random Fano factor can be rewritten to

2(12) — (mu)* + 2(7}) — (78)”

Foccin = AR (5.105)
_ 2<(7'L - <7'L>)2)> +(11)* + 2<(7'R - <7'R>)2)> + (Tg)?
- () & ()2 (5.106)
Pl Mt ) o )
() + (7)) () + ()
Foo,Cln

This can bee seen as third sensible way of representation of the Fano factor and
is very similar to the central moment representation.

5.2.5 Steady state

In the case of random rates the description steady state might be misleading.
However, investigating the expectation value of the density matrix makes the
term ’steady state’ well defined. A simple calculation leads to the following
result.

S XC) (5108
= lim > :L(Z)W(z)n.po (5.109)
= lim 2L (2). (2 W(z)”) " (5.110)
"= lim 2 L(2). (WL(z)WR(z)W—/(;IEL(z)QWR(z)Q) po. (5111)
= () (5112
= <le> (2:;;) . (5.113)

This result was expected analogically to the clean case, where the steady state
was

1 (T ]
prtat = [ <FR> [Emary, 2009, 7.123], (5.114)

7geometric series
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5.2.6 Simulation

As in the former sections all results were derived analytically, there is no need
for a numeric simulation. Nevertheless, a numerical simulation illustrates the
analytical results. In the following a Single Quantum Dot with uniform dis-
tributed random rates is regarded. The mean of the distribution was set to
1 =5 and the width of the distribution ¢ was set to 4. With a discrete time
step approach (a detailed explication follows in section 7.1) and the step width

of Ay = 155 (figure 5.6) was obtained.

In the upper left picture the dot occupation is visualized for one random sample.
In the upper right picture one can see the number of transmitted particles. The
particle is counted, when the dot occupation changes from full to empty. By
this change new random rates were generated and displayed in the second row.
The corresponding waiting times are in the third row. The distribution of this
rates or waiting times is visualized in figure 5.7. In the lower left picture the
current is visualized. The blue line indicates the moving average current for the
real current. The line indicates the current, which is calculated by using
the long-time current formula by the moving average for the waiting times. The
red line indicates the same for the tunneling rates. In the lower right picture
one can see the same, where the rates were time weighted®.

8t has to be discussed, if this makes sense.
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Figure 5.6: Simulation: Single dot with | = 5,0 = 4. Complete description see text.
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last row: blue simulated current; red wrong current expressed by average
tunneling rates; green expected current by making use of the waiting time
formula
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Figure 5.7: Simulation: Histogram 1 =5,0 =4
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One can see that no way of calculation leads to good results for the first few time
steps. Regarding longer times and replacing the moving average to the average
of all recent events leads to figure 5.8. In that situation it becomes clear that
the calculation in terms of waiting times leads to the correct result ( line).
For comparison the wrong current, which is derived by replacing the tunneling
rates by their averages is printed in red.

Long time current

B0,
25} ]
A I W -
5 Sol WW
15¢ ]
1.07\ L L L L L L L L L L L L L L L L L L L L L L L L
0 2000 4000 6000 8000 10000 12000 14000
t/A¢
Number of transmitted paricles
Hr————————————————————————
300 - -
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c L
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Figure 5.8: Simulation: long-time current | = 5,0 =4, A; = .01.
blue simulated current
red wrong current expressed by average tunneling rates
( expected current by making use of the waiting time formula
Further description see text.
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5.3 Transitions in a ring

It could be seen that the results for the Tunneling Junction and the Single
Quantum Dot are congruent. Hence, this class of setups is being extended to a
finite numbers of sequential jumps. At this point it can be remarked that this
system has no essential coherent states.

Regarding a ring with transitions between K states, 1 — 2... — K — 1 at rates
an). This setup was discussed in [Brandes, 2008, section 3.3]. The step K — 0
is interpreted as jump process and leads to a change in the rates. So Liouvillian
and jump operator read

o 0 0
r o 0
£ = o 1M : :

. .

0 0 rie i

00 0 ri=b
00 0 0
gr-H 10 0 0 0 (5.115)
0
0 0 0 0

Listing 5.1: Sample code snipped: Generate a ring of size K with the help of our
nQME-Package

1 Needs ["nQME ‘Random ‘"] (*Initialize tha package*)

gli_] := ToExpression["\[CapitalGammal" <> ToString[il] (*\1%)
Ring[k_] := ((LO =
Normal [SparseArray [{{i_, i_} :> -glil, {i_, j_} /; i - j == 1 :>

glil}, {k, k}11;
6 J = Normal[SparseArray [{{1, k} -> gl[kl}, {k, k}11;
vars = Tablel[glil, {i, k1}1;
TraceFunction[Mat_] :=
Tr [((Mat.Normal [SparseArray [{{1} -> 1}, {k}11))1;
nQMESetLO[LO];
11 nQMESetJ [J];
nQMESetRandomVariables [vars];
nQMESetTraceFunction [TraceFunction];

D)
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According to the developed procedure (cf. chapter 3-4) the following matrices

are calculated
WHl WHQ an ce WHK
0 0 0 0
W(z) = <an(z)> = o o o :
: .0
0 0 0 0
Py 0 0 0
W1 P, P 0 0
P(z) = <75n(z)> = | WilWoP3s WaPs Ps
: . 0
Wb Wmebe - Wy P Py
1 Wi Wi Wi
Wm Wm """ Wm
P 0 0 0
1
Tk(z):(Tnz>:k'<1_ 5 ) 0 0 0
: W . .
: . 0
0 0 0 0

with W, = <ZED>,Pi = <Z+1E_
Generating Function reads

Moment Generating Function M (iy) = “=-£2 .
1-— GIXWH

Current and Fano factor

The current becomes
1

i = 5 o= 1)

and the Fano factor evaluates to

(Foo) = *
(Ts)
. LS 1
with (75) = 3 (7.}, () = ().
i=1
Furthermore, it can be shown that

(5.116)

(5.117)

(5.118)

> and Wi; = HJKZZ W;. Thus, the Moment

(5.119)

(5.120)

(5.121)

(5.122)
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A proof can be developed in the same style as for the Single Quantum Dot (cf.
proposition 6). One possibility is to use the multinomial coefficient (see e.g.
[Comtet, 1974]).

One can express the Fano factor in central moment representation.

K K

Zl(<n>2 - 2(77)) Zl(<n>2 + 2Var(r;))
(Fo) = = == (5.123)
(rs)? (1)?
Var(7;) > 0, which is minimal for the clean case. Afterwards it is basic mathe-
matics to prove that

k 2

. 1
2:74:716%2 > ? Vak c R+. (5124)
(S0 )

The detailed prove is given in proposition 7.

Expressions for the higher order cumulants can be derived in the same style.
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5.4 Double Quantum Dot

In the following the Double-Quantum-Dot (DQD) is taken into account. The
Double Quantum Dot consists of two coupled Quantum Dots. In this special case
the particles can jump from one side to the other and backwards. In contrast to
the former example the Double Quantum Dot involves internal system dynamics.
This internal dynamics depends on two parameter:

e c : specifies the difference between the energy levels of the dots

e T5: defines the strength of the coupling of the dots (Tunneling is allowed
in both directions.)

r, Tc TIg

- - > - -] - -
SR
Left [~~~ °°° _}_E Right
Reservoir | [ - °—°°°7°7°% Reservoir
g

Figure 5.9: Scheme of a Double Quantum Dot. A realistic view can be seen in figure
1.1.

It is simple to derive the System Hamiltonian from figure 5.10 (see also [Emary,
2009, 7.29])

Hg =ep |[LXL| + er |RXR| +16(|LXR| + [R)XL])

Hg =§(IL»L>> — R, R)) +1(|L, R) + |R, L)) (5.125)
To write down the System Liouvillian one has to choose an appropriate base®.

As there is no coherence with the empty state |0), only the states |0,0) = [0)0],
|L, L), |R, R),|L, R)),|RL) have to be regarded.

Ls =iHg.[z]— ix].Hg = 1Z(H81k|k.]>> - HSkj|Zk>>)<<L,_]‘ (5126)
kij
0 O 0 0 0
0 O 0 > 1
=il o0 o0 0o - T (5.127)
0 1T 1> —e¢ 0
0 1> 1> 0 €

|00,LL,RR,LR,RLY

9This is required to transform the density operator (matrix) to a state of the Liouville
Space (vector). For details see appendix B.3 and notebook NB:Ham?2Lio
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It has to be remarked that the first column and row of the System Liouvillian
are (as expected) empty, because the internal system dynamics does not involve
the empty state |0). To get rid of all the complex numbers a simple base-

IRXR]

mxol \
N \

~Te— |

(RN IR

[Im){Im| |Re)(Re| -T'r/2

_[‘R/

Figure 5.10: Functional graph of Double Quantum Dot, with Re=R - real Im=S3-
complex part of |R)L|.
There are similarities to the Single Quantum Dot. On the left lead is
exactly the same setup as in the Single Quantum Dot. So one expects
nothing new compared to the single resonant level. This is confirmed in
the calculation, where only the average waiting time from the left lead
occurs in the current. In the middle there is a system with a structural
similarity to the Single Quantum Dot if on neglects the connections to
|LYXL| and |R)R|. The current would be equivalent to the current of
a Single Quantum Dot similar system with the pseudo Liouvillian £ =

(—FR/Q

. _I_‘Re/ 2). The current for that pseudo subsystem evaluates

. 52
(with nQME package) to (I..) = ﬁ.

transformation to
{]00%,|LLY,|RR)), RIRL)),S|RL))} can be performed

0 o0 0 0 0
0 0 0 0 21
Ls=] 0 0 0 0 =21 . (5.128)
0 O 0 0 —e¢
0 1> 1> e 0

|00,L.L,RR,RRL,SRL))
Indeed the DQD is coupled to the environment. This works equally to the

already seen Single Quantum Dot. Thus, one has a jump in process on the left
side with the Liouvillian

Ly =11D(jL), Lr=1IrD(jr) (5.129)
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with the left jump operator j;, = |0L)), jg = |R0)) and the Lindblad Superoper-
ator D(j)@ = j@jit — % {,jTj}. Thus, the full ’clean’ Hamiltonian reads

-, 0 Iy 0 0
L, 0 0 0 21
L= 0 0 -Ix 0 -2 : (5.130)
0 0 0 —3Ig €
0o -7 T € iTr /10

With n-dependent rates and the nQME (3.1) reads

atp(n) (t) = Eén)p(") (t) + j(”)p(”_l)(t) (5.131)
(n)

n n . F . . n— . .
£ = 2o+ 1D + B @il T =TV, 632

Experimentally, the coupling strength is replaced through an n-dependent ver-
sion T» — TC("), although this was not derived microscopically. In matrix nota-
tion this looks like

_1‘\(")

T 0 0 0 0 0 0 F(nfl)
' 0 0 o 2z o0 o
E(()n) _ 0 0 71—‘Rgn) O( ) 721—,CS7L) 7 j(nfl) =lo o 0
0 0 0 S — 00 0
() p(n) g 00 0
0 -7 T € —5
(5.133)

For this example the procedure works exactly equal. As the calculation effort is
very big, this step was done by a Mathematica Program. This program executes
exactly the steps, described in chapter 4 (cf. appendix D.1, p. 147 for the source
code).

Figure 5.10 visualizes the Liouvillian for the clean case.

Constant rates

With this Mathematica Package the known results [Stoof and Nazarov, 1996,
Gurvitz and Prager, 1996] were reproduced. The handling of the Mathematica
Package is simple. Inserting the Liouvillian and jump operator leads to long-
time current, Fano factor and higher cumulants. Which variables are said to be
random, can be specified individually. The example, which was used to generate
the findings below, can be found in appendix D.2, p.149.

For the current one derives

2 —1
()= <7’L + 7R (22 4+2) + 47;) . (5.134)

10From now on |00, LL, RR,RRL,SRL)) is assumed as default base.

OO O OO

OO O oo
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In the standard tunneling rates representation this reads

4Ty TR T2
1) = ) 5.135
Too) I, (Tr2 + 812 + 4€?) + ATRT:? ( )

This current looks slightly different from the examples investigated before. A
composition of two Single Quantum Dots with unidirectional tunneling would
have a waiting time in the middle of

2
™M = TR (1 + ek 4 <QTTT) ) : (5.136)
R

The Fano factor becomes

(FL) = 167’%7’12% + 8712%7'% (12627'}2% — 1) + T% (4627'}23 + 1) 24 647'%
ool T (47r (1L, + TR (€272 + 2)) + 72) 2

(5.137)

or

.2 (Tg* — 8IR? (T2 — ) + 16 (47* + 610%€* + €*)) + 16152 T*
(I, (Tr? + 8702 + 4e?) + 4R 7:2)?

(5.138)

Cg(t)
C1 (t)
sion. Therefore, nominator and denominator were written down apart from

each other.

with tunneling rates. The long-time limit for is a rather long expres-

lim cs(t)
t—o0 1 (t

Z* =1.* (I® + 8IR° (2¢% — 5122) + 96IR* (87" — T°€* + €*))

— 128IR°IL* (32120 + 48T *€® — 9T €* — 2¢°)

+ 2561, " (1672° 4 32T2%€* + 48T " + 147%¢% + )

— 8 TRT? (TR’ + 12IR* (€% — 10°) + 48IR° (212°€* + €*)

+64 (870° + 2471 * 4+ 957" + %))

+ 96T, TR 1" (Tr* + 8IR> (€2 — 1°) + 16 (47" + 612> + €*))
— 128 IR* 70 (Tp? 4 87-% + 4€®) + 2561 12° (5.139)

with the denominator Z = I}, (I‘R2 + 812 + 462) + ATRT-2.
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5.4.1 Moment Generating Function

Assuming that the system starts in an empty state, what means that pg =
|0)(0],'*the moment generating function can be calculated as!?

I3 2 Tr+22
~ *< T2 >FL <% < (I"R+2z)2(z(FR+zI§+472;2)+4262(FR+z) >FR>%

M(ix) = ix/ I 2 Ik (Tr+22) 1
e\ /b Trt22)2(z(0r+2)+4Te ) T4ze2(Intz) /TR )T — 14
(Tr+22) ((Th+2) (Tr+22) +4% > ) +4€> (Tr+2) 1 1
(Tr+22)2(2(Tr+2)+41-2)+4z€e2(Tp+2) Ik )T~ 2\ T,+z /1L

i L Ik (Tr+22) 1
€ X< FLiz >FL <TCz< (FR+22)2(z(rRiz)i4%2)+4zez(FR+Z) >FR >% T2
(5.140)

+

The calculation is quite long. This is similar to the case of the Single Quantum
Dot. Here, this calculation was done with the help of the Mathematica Program
(cf. appendix (D.1), p.147). This lengthy expression can be represented in
shorter form

.~ (Arr(2)) = Wi(2)(Brr(2)) — $PL(2)

M(iyx) = - 5.14
( X) €1XWL(Z)<FRBR,T(Z)> ( 1)
by the use of
_ (Tr+22) (Tr + 2)(Tr + 22) + 415%) + 4€*(Ix + 2)
Anr(z) = (Tr +22)?2 (2(Tg + 2) + 4152) + 42e2(Tg + 2) (5.142)
Brr(z) =102 Ir + 22 (5.143)

(Tr +22)% (2(Tg + 2) + 412) + 422 (Ig + 2)

In contrast to the former examples, the Double Quantum Dot involves terms
of the form (f(Ir,T"))r,,2- Consequently, the series expansion of the kernel
becomes more complicated.

1 This is a sensitive assumption, because the long-time values should not depend on the
initial state. The Moment Generating Function was also calculated with an arability initial
density operator. But this a very long equation, where the effort to print out the equation
in IATEX is much larger than the effort to calculate. However, if one is interested in the full
form, one can use the Mathematica Package and enjoy it on the screen.

12Notation advice: (y), means exception value of expression y here with respect to random
variable x.
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5.4.2 Current

In section 5.4 the clean limit for the Double Quantum Dot was discussed. It
was found out that the current in the long-time limit, which we call I_
given by

cln» 18

2\
Ioo,ClIl = <IOC>(Tt2,TL, TR) = <7’L + TR (627'% + 2) + 4;;) . (5.144)

We remind that this result can be obtained by taking (5.135) and replace I}, —
%,I‘R — %R,Qb — % Now we expect the tunneling rates on the left side
I7, and on the right side I'z, as well as the coupling in the middle 7>, to be
random. Furthermore, it is assumed that the distribution of the waiting times
is known. (The expectation values of the tunneling rates (I;,) can be calculated
via the relationship (4.8).) The random results include the clean limit, if a delta
distribution is assumed as Probability Density Function (PDF). The calculation

with random I}, I’z and 7> leads to
-1

(Io) = I )((72), (1), (TR), (TR)) = (1) + () (€(7F) + 2) + $(TRr)(7F))
(5.145)

One remarks that there is only one additional parameter ((I'g)) in the random
current. The concrete realization of the PDF for I}, and 7~ do not affect the
result. Only the expectation value of 7, (namely (71,)) and the second moment
of 7r (namely <T%>) influence the current. This is equivalent to the situation in
the former sample setups. For 7r the situation looks slightly different. In this
context two properties of the distribution of 75 affect the current ((7g), (Tr)).
In the classical case the product of these values would be 1. For a general PDF
this does not hold true. Therefore, we introduce a parameter «, which is defined
via

()T} = <m><1> Cita (5.146)

TR
Now it is possible to interpret (5.145) as function of «

l1+a
(Tr)

(L) (77 ), (1), (TR), @) = (L) ((77), (7L), (TR), )- (5.147)

According to that, the relationship between random and clean current can be
written as

1 2
oo,cln Tr
[(Ioo> At (T + TR (277 +2)) + T8 ] (5.148)

That means that the current in the clean case cannot be boosted by a random

distribution if the corresponding parameter are the same, i.e. (70 = (7.),7r =

(tr),7r = (7%)). Regarding for example the Maxwell Distribution with the
2

N . . .
PDF f(0) = ¥Y=——5——. It is connected with some mathematical effort to

o3
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2

calculate (7)) = 2\/50 and (Tr) = \/: The use of Mathematica helps to save

s [ea

some time. With these quantities it is simple to derive

4 4
T'p)=— =a=--1. 5.149
(rR)Tr) == =a=-= (5.149)
Plotting that, leads to figure 5.11, where one can examine that the difference
between clean and random current is especially relevant in the case for small e.

This is in accordance with (5.148).

Long time current (DQD)

05¢ o a=-1/2
041 //"\\\ a=0
é 03 a=4/n-1
7 02
0.1
0.0 :
-10 -5 0 5 10

Figure 5.11: random (red) and clean current (blue) with (rz) = 1,(r7) = 1,(rg) =
1/4 for the Maxwell Distribution and a pathologic, negative value for a.
In the real world the current will always decay. The parameter a < 0
(the gray line) does not occur in reality.

Further examples are discussed below in connection with the Fano factor.

5.4.3 Fano factor

Taking (5.137) and replacing I}, — 1L7FR — %R, > — % leads to

T

167’%7’12% + ST%T% (1262’7'1% — 1) + T% (462’7'1% + 1) 24 647'}‘%

F = 5.150
co.cln (47 (1L + TR (€272 + 2)) + 72) 2 » )
which can be rewritten as
4
167'% + 16647'12%7'% + 96627'1237’72« + :—Z + 647'12% + 8627'% — 87'%
F_n= R (5.151)

TR

(4TL +47R (272 +2) + ﬁ) 2
In the random case the Fano factor evaluates to
(Foo)/(I)? = 2(77) = (1) = (7r)? (¥ (1) + 2)
— 5 Cr)TR)(7E) (*(7) +2) +2(r7) ((T7") + 8€%)
2(13) (eY(r1) +5€*(r7) +4) + (r7) (8 — (T'r)*(77)) . (5.152)

2

+
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This is a quiet long expression. The most interesting observations can be made
in the right lead. Therefore, one takes the clean limit for the left rate <Tf> =7L
and the coupling <T%> = 7>~ ' = 7p. In addition to that, it is reasonable to
make use of the parameters as already done in the former section.

Therefore, we introduce the parameters «, 3, which are defined via

(tr)(L'r) = <TR><1> =+a (5.153)

TR

(ANTR) = () 5 ) =0+ (L+ 0 (5.154)
R

The definition of 8 is a guess. The attempt to improve this parameters ended
in negative success. Especially the attempt to get a short expression for the
Fano factor, by choosing <T§><FE2> = (14 %6 + a4+ %oﬂ), does not produce
physically reasonable independent parameter. In that case a negative Fano
factor can be generated for a combination of non-negative parameters, which
is not the desired behavior. A motivation for the guess (5.154) is that in the
clean limit £ should become 0 and that this expression is linked to the square
of (1+ «). However, it is difficult to show that this is a good parameter, as long
as there is no formal criteria for evaluating a parameter. The positivity of S5 is
proved in the appendix (A.1.1 p. 129).

The full Fano factor reads

(F) = 16(7R)* (e* (—(72)?) + 2¢* (1) + 6€2(72) +4)
(4(mr) (o) + () (2(72) +2)) + (@ + 1)(73))*
N 2(a+2)+ B+ 2){rt) — (a+1)*(73)? (5.155)
(4(7R) ((72) + (rr) (2(72) +2)) + (@ + 1)(73))?
8(73)2 (2(r2)? = 4(73) + (73) ((a + 1)e*(73) + 200 — 20v€® + 1))
(7R} (1) + (&) (2(72) +2)) + (a + 1), (3))?
N 8(tr)? (2¢* (2ve? + 1) (1) + 16v)

(4(7R) ((72) + (R) ((73) +2)) + (@ + 1), (7))

which becomes in the half clean limit a function of (o, 8, v, 71, 7%, (7)) which
can be displayed simply by multiplying with the squared current.

1 1 T
F I 2: - 2 ( _42 7 2 T
(Bt =a (gort (-8 (-4 + ) o) + o)

4
Tr
+B8T§
+2v (4+5€°77 + €'r7) (5.156)
3rp 1
+L+162+2T( 1+ é273) + 74 (4 4 6€°77 + €'77)
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The full form reads
—2a7? (2713 +2) + B—< T;>2 + 8v (e*r} + 5e?72 + 4)
R

(Fao 5
(TL + 72 (;Z:; + 62<7’R>> + 2(7’3))
(4 (r)° +1)?

) :
(7o 72 (2 + 2t ) + 20

The form above allows to describe the Fano factor with three additional param-
eters. Setting all that parameters to zero leads to the clean case. The restriction
that « is always positive was already discussed before. Even though, the exact
mathematical prove is an open point. There are strong arguments that almost
every PDF leads to a positive value of alpha. From the physical point of view,
negative alpha parameters do not make sense, as this would be in connection to
a raise of the current. The parameter v is the variance of the distribution. It
is well known that the variance is always positive. The parameter 5 has never
been discussed before. A prove of the positivity of beta can be imagined in the
same style as the prove for the positivity of a. Due to the fact that even the
exact prove for « is a mathematically project, no attempt of proving the posi-
tivity of 8 is done in this thesis. In the following it is simply assumed that all
three parameters are positive. The sensitivity of that assumption is underlined
by the fact that it holds true for all investigated PDFs.

At + + 277 (12€%(5)% — 1) 4 16(75)?

+

(5.157)

5.4.4 Distributions

As a first step some combinations for the parameter «, 5 and v are plotted
to demonstrate possible situation. In a second step the situation is discussed
for some sample distributions. In the following picture on can see how the
parameters influence the Fano factor. The dashed blue line is the reference case
for the clean limit. For that case the accordance to [Poltl, 2008] was verified.

In figure 5.12 the a-dependence of Fano factor is visualized. It is to observe
that the Fano factor decays if « raises. For a certain value of « the Fano factor
at € = 0 gets minimal and the minima split of.

Afterwards, the minimal points for the Fano factor move away from ¢ = 0. The
zero of 0, (F ) (e =0) is

872 (7'% + 2717 + 8 (1/ + 7'}2%)) — 27 (11, + 27R) T2 + (1 + B) 74
o= .

5.158
27 (11, + 47R) T% ( )

For the parameter 3 the situation is different. As one can see in figure 5.14, the
growth of parameter g is connected to a growth in the Fano factor.

The investigation of the parameter v (see figure 5.15) does not lead to astonish-
ing result. This is intuitive if one thinks about the current fluctuation that is
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a—dependence of the Fano factor
B=0,Va(tr)=0,<tg>=1 1 =1 err =1

Foo(€/TT)

Figure 5.12: a-dependence of Fano factor for certain parameter

_ Fanofactorate=0
04, ]

03/ ]

Fo(@)

02" ]

0.0:“‘“““““““““:
0 5 10 15 20

a

Figure 5.13: a-dependence of the Fano factor for ¢ = 0 with parameters from figure
5.12

implied by the randomness of the rates. Combining this parameters in arbitrary
way leads to the astonishing investigation that the Fano factor can decay (see
e.g. figure 5.16). It is not to estimate that with the introduction of random
tunneling rates the Fano factor can raise, except for the case that the current
is suppressed. Therefore, both parameters, Fano factor and current, have to be
investigated together.

On the following six pages three PDFs are investigated in detail. The results
were obtained by the Mathematica Program in appendix E. Thus, this analysis
can be done for all normed positive PDF, where the integrals for the first two
negative moments and the variance can be defined. Interesting parameters can
be found by an user interactive formula, where the parameters can be set with
sliders. Unfortunately, this cannot be put in a portable document or a paper
version up to now.

The random Fano factor had originally nine parameter ({7, ), <T%>, <7'%>, <T§£>,
(Tr)s @, B, 0, €). By regarding a given PDF the number of parameters reduces to
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B—dependence of the Fano factor
a=0,Va(tr) =0, <tp>=1, 7 =L er7 =1

16F E
[ — B=1 I
141 ﬁ 0 3
T 12f SalC
< 10 — — B=50 | -
w 3 RN e -
r N — pB=2 3
08 . ,/ p=25 1 -
06F NS B=0 | -
r N -
04 L L T L L
-10 -5 0 5 10
€
Figure 5.14: -dependence of Fano factor
v—dependence of the Fano factor
a=0Var(rg) = v, B= O<tp>=1L1 =1 err=1
8r — v=4 ]
7 6 y=3 4
+
< 4 =2
v — v=1
-10 -5 0 5 10

Figure 5.15: v-dependence of Fano factor

two plus the number of parameters of the PDF (p1, ps,...par). Thus, there are
three plus M parameters, namely (7, ), (T), €, p; in the investigated situations
M =1 for the Maxwell Distribution and M = 2 for the other distributions. Even
four parameters are hard to handle. Similar to [Po6ltl, 2008], we fix (7,) =1
and regard the ratio 7> /I '3. As the other distributions discussed here, have
one more parameter, we have to eliminate a further parameter to display the
information within the three dimensions of space. Therefore, we restrict the
situation to two setups.

Situation a (7,) =1,(rp) =1

In that situation the clean case long-time Fano factor is always smaller
than one and decays in the region of ¢ = 0 with a global minimum at
€ = 0. For large values lim|| o F_ o, = 1-
Situation b () =1,(1;) =5
In that situation the Fano factor has two additional maxima and is greater
than one at the maxima and smaller than one for the minimum. For large

13[Psltl, 2008] used T /Tr. But by doing that interesting information about the current is
lost. In our case, where the rate on the right lead is n-dependent, this might be of interest.
(For comparison with the same was also calculated with 7> /Tg for the clean case. The
comparison was successful.)
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B—dependence of the Fano factor
a=27Va(rg) =0.275,<tg> =2, 7. = 0.2, et = 3

- =40
~ =24
c B
T B=15
o — =0
— a=p=v=0
" -10 -5 0 5 10

Figure 5.16: S-dependence of Fano factor for some other values of o, Varrg = v

values of € the Fano factor converges to {1|}4. A detailed discussion is to
find in [Gurvitz and Prager, 1996].

Maxwell Distribution

As an example for a distribution with only one parameter, we take the Maxwell
Distributions. As the treatment of many degrees of freedom is not always simple,
this is a comfortable starting point.

As a first step we modify the normal Maxwell Distribution, which is given

by f(o) = ¥>——— and change the parameter o by a multiplication with
a constant value. In that way this parameter takes the value of the average

waiting time and the modified PDF reads

"2
212”707
32x°e” 7o

fo) o (5.159)

With the Mathematica Program we obtain the values of interest:

. 9 3o
(TR) = 0, (1) = = (5.160)
4 8

Ir) = — IR?) = — 5.161
(Tr) = —, () = — (5.161)

4 16 1 9

Thereby, no further limitation to the waiting times was made. The only restric-
tion is, that the waiting times cannot be < 0. Due to the physical interpretation,
this is fulfilled automatically.

An interesting observation is that «, 8 are constant in that case. This is visual-
ized in figure 5.17. Only the variance is dependent of the parameter o = (7).

1A gentle tool are surreal numbers [Knuth, 1974]. e.g. {|1} <1 < {1]}
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Figure 5.17: left: a-parameter dashed, (7z) blue dotted and solid red line (F—;).
center: [-parameter dashed, <7'12;¢> blue dotted, solid red line <F12> .
R
right:a blue dotted line, 8 red line, variance (v) dashed line

In that case current and Fano factor read

MW ToTL
I = 1
< o0 >(€’ 7,71, 7r) mo (1 + o (2 +2)) + 72 (5.163)

MW 2 (TE (402 + 3071'0’462) + 77 (671'0’464 + 802¢2 + 3) + 2471-04)
<Foo >(€70'77-T7TL): 3 ) 5
8 (17 (mo%€? + 1) + wo (20 + 1))
2 (T% (7T(7262 + 1) + 27r02)
72 (mo2e? + 1)+ 7o (20 + 77)

+ 1 — (5164)

A formal analysis of this expression leads to the following observations. The
boundary values evaluate to

. MW : MW

;13% <IOO >(e,o, T, TL) = Jh_}n;o <I¢>o >(e,o, T, 7) =0 (5.165)
lim<FM >(ea7’ T):ﬁ—l (5.166)
550 oo s Oy Tt TL ] .

3 (TL464 + 5722 + 4)

EEEFDE ~ 1 (5.167)

lim <Fi\O/IW>(6, O, Tt, TL) =

T— 00

Physically spoken that mean that very small waiting times, which corresponds
to infinite rates, leads to a fixed Fano factor. However, at this point the current
is zero. Therefore, the relevance of that information is little. In addition to that
the Fano factor has three zeros. The interesting zero is at ¢ = 0. The other two
zeros appear if the Fano factor has an local maximum at o = 0.

As no interesting results are expected, the exact behavior of this extrema is
not treated in detail. For larger values the position of these extreme values is
far away from € = 0, so that the current at that place is very little. A brief
discussion is to find in the Mathematica Notebook NB:autoMW.

The major interest is in the extreme point at ¢ = 0. In figure 5.18 the current
and Fano factor are plotted for e = 0. For the two situations a,b we investigate
this in detail.

Plotting the Fano factor in a normal (non logarithmic) scale leads to 5.19. In
that picture some points are exemplary chosen and then plotted for a range
from —10...10.
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Fano factor (e=0) Fano factor (e=0)
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Figure 5.18: Whole range of the Fano factor and Current in logarithmic scale. The
Fano factor for a large waiting time or tunneling rate on the right lead
(tr) =0 = 0: (F.) = % — 1 and respectively 0 — 0o : (Fi) = 3% — 1.
The current gets 0 as well. The red line is Fano factor or current and the
dotted blue line is its second derivative. In the upper right picture the

second derivative has been scaled at factor 10.
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Shape change of Fano factor Shape change of Fano factor
a (rr=7.=1) b: (r7=5,r.=1)
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Figure 5.19: The shape of the Fano factor changes at the point ¢ = <7'123> = .26 for
Situation one and at o = 1.37
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Figure 5.20: Fano factor for case a and b for some exemplary values compare to 5.19
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Figure 5.21: Uniform Distribution
left: a-parameter dashed, (7z) blue dotted, solid red line ﬁ,
center: (-parameter dashed, <7’123> blue dotted, solid red line ﬁ
R
right: « blue dotted line, 8 red line, variance (v) dashed line

For a Uniform Distribution with mean at 1 and width ¢. The maximum
width i omaez < 2 (0Maz — 0 = 2 means sharp delta distribution at
TR =1).

a becomes (linear) infinite, 8 gets (exponential) infinite and v gets the
constant value % for oprae — o — 0.

Uniform Distribution

The easiest PDF with two parameters is the Uniform Distribution. After having
made experience with the Maxwell distribution, the Uniform Distribution is the
point of interest. The Probability Density Function of the Uniform Distribution
reads

fle)=47 (5.168)

L s im<a<gtp
0 else '

Here, 7r is the mean of the PDF and o is the width. This is in contrast
to the former example, where only one parameter existed. The parameter of
the Maxwell distribution could be chosen freely. In this case, there are some
restrictions for the parameter. The minimum for parameter o = 2. Otherwise,
the integral for the calculation of the negative moments, does not converge.
One can see that the expectation value for the waiting time becomes infinity for
o — 2. The parameter a and 8 do not depend on ¢, which is an indicator that
the choice of the parameter was well.

By integration over that range one obtains (with Mathematica)

1
(tr) =R, (Th)= o (1277 + 0?) (5.169)
log (— gR — l) 4

Iy) = i )= ——— 5.170
< R> o ’ < R > 47.}% — o2 ( )

TR log (f Uf”j — 1)
o= 2 1 (5.171)

g
2 2 47—1?.

1272 2 75 log (—U_ - — 1) 2

B—_ThtO 2 v = 7. (5.172)

1272 — 302 o2 12
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Figure 5.22: Current and Fano factor for a Uniform Distribution as function of energy
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Weibull Distribution

(rR) (TR !
o
|
&)

00 00
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Tuinto Tptinto Tuin+o

Figure 5.23: Weibull Distribution

left: a-parameter dashed, (7z) blue dotted, solid red line ﬁ.
center: [-parameter dashed, (77) blue dotted, solid red line @.
right:a blue dotted line, 8 red line, variance (v) dashed line

For a Weibull Distribution the absolute minimum for parameter o = 2.
Otherwise, the integral for the calculation of the negative moments does
not converge. For ¢ — omin = 2, <1"§-{> becomes infinite, which leads to
an infinite S-parameter as well. In the right graph one can see that o, v
become sable for o — 2.

Another example is the Weibull Distribution. As simplification, the default
parameter were changed, so that one parameter is the mean of the distribution.
This was done with regard to the clean case. In the clean case the mean becomes
the waiting time for the right side

flo,r) = , (5.173)

where I is no rate rather than the mathematical gamma function.

The output of Mathematica can be seen in the following equation:

T2l (22
(TR) = TR, <7'123> = 1“R(€(+E))2 (5.174)
(Tg) = Tese (g) , <FR2> _ r (1 + 5)2 r (%) (5.175)
OTR T
o WCS(;(%) 1 = 7 (20 csc (%”C)Tz— mesc? (Z)) (5.176)
2 (T(1+2)-T(1+14)°
(e -Tas ) -
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Fano factor for some values for the Weibull Distribution
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5.4.5 Visual current calculation*

An attempt to guess the current directly from the Hamiltonian in analogy to
the transitions in a ring, was misleading. With regard to the scheme of DQD
in figure 5.10 it was assumed that it is possible that the current for the DQD
could be retrieved directly from the diagram. Some calculations on that are to
find in the mathematic notebook NB:QuasiClassical.

_ _ Hp) 4T
ool = T ol = a2y




Chapter 6

Summary !

6.1 Model and derivation of Quantum Master
Equation

Considering the situation, where electrons are transported from a source reser-
voir on the left side (formally a Np-fermion Hilbert Space H®Vt), through a
system, to a target reservoir on the right side. Without external particle ex-
change, the number of transported particles n defines a fixed relation for the
particle numbers on the left side N7, (n) and the right side Ng(n). The complete
system dynamics is described by the Liouville-von Neumann Equation 0;0 = Lp.

o is the complete density operator and L the superoperator acting on

H=Hs® (@ HON @ @H®NR> =Hs @ (PHY . (6.1)

N Nr

This Hilbert Space is very large for mesoscopic systems. The majority of this
Hilbert Space describes the dynamics of the bath. As only the system part
and the number of particles are taken into account in this article, this bath
reservoir is not relevant. Therefore, we apply the method of Nakajima and
Zwanzig [Kithne and Reineker, 1978, Zwanzig, 1960, Nakajima, 1958] and define
a projector Pp = @, Tr](3n ) (0) ®QS;)O, which projects on the subspace of relevant

information. Tr](_))rl ) (o) is the trace over the bath with a fixed number of particles

Np(n), Ngr(n). In the standard approach [Lambert, 2005], one traces out the
n-information and reconstructs them later. In contrast to that the n-resolved
Quantum Master Equation can be directly obtained with the approach presented
in this article. With the short hand notation Q = 1 — P, the Liouville-von
Neumann Equation reads

L@ Qe Q)@ o

IThis chapter is a summary of the former chapter 2-5. This summary is planned to be
published in a paper and addresses the advanced reader.

95
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Thereby, the Liouvillan was split with respect to the projection

L= (P+Q)L(P+Q) :P\LLZB+QLEQ+P£QL+QLP. (6.3)
~ B I

The solution of equation (6.2) is discussed in [Breuer and Petruccione, 2002].
Using a factorizing initial condition and the Born-Markov Approximation, leads
to a first order differential equation for 9;Po. That differential equation is trans-
formed to the interaction picture with regard to £;. Furthermore, a perturbative
expansion up to the second order is performed. After the back transformation
to the Schrodinger Picture it reads

t
8tPg =|PL+ / le(t — t/)ﬁj Po. (64)

to

The Interaction Liouvillian can be split up to a sum of tensor products of a bath
and a system part.

Lio=1 Q,ZS}C@BI(JL) (6.5)

k,n’

Inserting this split Interaction Liouvillian to (6.4) leads to an integral kernel,
which consists of a tensor product of system and bath operators. The next
step is to apply the projector. For the bath part one can make use of the
bath correlation functions. Thereby, one has to take into account that the bath
operators of the Interaction Liouvillian might change the number of particles in
the bath reservoir, and thereby n. For example

Trgl) (bkgg,o)b@ = 0j, 5O’ ,n—1f (€x) (6:6)

reduces the number of particles in the left reservoir and increases the number of
particles in the right reservoir. Thus, it was assumed that one has a fermionic
bath and f(ex) is the Fermi Function.

Finally, equation (6.4) can be simplified to

Dep ™ (t) = Lsp™ () = > E(n’,l’,l)-Hpm/)(t),Szf]sz] (6.7)

'l

In this notation p(™ (t) stands for Trl(gn) (o) and L'(n',1',1) is a four component
vector, which is multiplied with the components of the double commutator.

Explicit Interaction Hamiltonian

The next topic is the investigation of an explicit given Interaction Hamiltonian
of the form
V=Hsp =Y (Thnblss+T},sb). (6.8)
k,n
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After the application of the proceedings described above, one obtains our Master
Equation

ap ™M) = Lgp™(t)
" (n)
+7{p<”>(t)7ss*}fFL SRIGE (6.9)

F(”) e
FE (1) s} — T VsV (st

= £ (1) + TV (1)

in the infinite bias limit with constant tunneling densities for each n in the
Markovian Limit.

6.2 Disorder average

As a first approach, it is physically reasonable that the tunneling rates are inde-
pendent, statistical distributed and uncorrelated to each other. In the following
the mean value of the conditioned density matrix <p(”) (t)) is in focus of interest.
Thereby, (...) denotes the disorder average over the random tunneling rates.

As <8tp(")(t)> = <£8n)p(") (t) +j(7‘_1)p("_1)(t)> involves two different tun-
neling rates (namely rates depending on n and n — 1), the Fourier and Laplace
transformed form of this equation py(z) = [, dte=* (ZZO:O GI”XP(”)(t)) is pre-

. -1
ferred. With the short hand notation for the propagator P, (z) := {z - /J(()”)}
the n-dependent density operator in Laplace Space reads

pn(2) = Pp(2) TV . TOP(2) TOPo(2)po. (6.10)

From now on, [.. .]71 stands for the inverted operator. In addition to that,
scalar factors, (e.g. z), have to be multiplied by the identity-operator. It is
being assumed that the rates factorize. Therefore, it is sensible to collect terms
with the same n. Thus, all these terms have the same expectation value. This
aspect leads to the definition W(z) = <Wn(z)>,75(z) = <75n(z)> Accordingly,
the expectation value for the system density matrix in Laplace Space reads
(pn(2)) = W(2)"P(2)po. This equation is formally equivalent to the constant
rate equation. Thus, it is intuitive to introduce the counting field by a Fourier
Sequence Transformation (p,(t) = >, p(™(t)el"X) and obtain the expectation
value of p, (2):

o ~1

(py(2)) = {1 _eIXW(z)} P(2)po. (6.11)
From this representation one can directly obtain the moments in Laplace Space,
defined as (my(z)) = i’kTraﬁ (py (Z»’Xao‘ The long-time limit for the current
in disorder average is defined as (I ) = (lim;00 Oymi(t)). As well as the

moments the current can be obtained directly in Laplace Space via

(Io) = lim 221y (2). (6.12)
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Therefore, the property that the limit tlirn f(t) in time domain corresponds to
— 00

lim, ¢ 2 f (z) in Laplace Space, is used. Thereby, the hat on the letter denotes
that the quantity was Laplace transformed, i.e. f(z = [, dte = f(2).

More effort is needed to obtain the long-time value of the Fano factor, whereas
the calculation in the Laplace Space can not be efficiently executed. Thus, the
approach is to transform the shares of the moments, which become relevant in
the long-time limit, back to the time domain and calculate the Fano factor via

mg(t) — ml(t)Q '

F )= 6.13
Fortunately, the Laplace Transformation has the convenient property that terms
of the order z=* in Laplace Space correspond to terms & in time space. Thus,

it is intuitive to derive the Fano factor in the follovvlng order. At first, one
performs a Taylor Series Approximation of the moments in Laplace Space up to
the 2° order. After that the Inverse Laplace Transformation is applied. Finally,
the long-time limit is executed. This proceeding can also be applied to higher
cumulants. An efficient way of computing that is presented in the appendix. In
the following this method is being applied to simple quantum systems.

6.2.1 Tunneling contact

The simplest imaginable system is a tunneling contact. The first measurements
on that setup have been made by [Levitov et al., 1996]. In that case the left,
source, reservoir is connected to the right, target reservoir, but there is no system
in between. With the discussed assumptions our Quantum Master Equation

reads (Lﬁé") =1, gr-1) = r-1)
Bup™ () = —T ) (1) 4 D=1 yln=1) ) (6.14)
Straight forward, one calculates by making use of the Laplace Transformation

T (k)
k=n =t

P(z) = <ZJ1FF>, W(z) =1 — zP(2). Finally, (,(z)) reads

1
pn(z) = ( I F(k)) ﬁ Following the described procedure one obtains

o)) = —— P& (6.15)
1+ elx (273(2) — )

Starting with the calculation of the first moment, which evaluates to (1 (z)) :=

—+— — 1 The long-time limit of the current is therefore
22P(z) z

_ b _ b
=50 <1>— ()7 (6.16)

The connection between the Probability Density Functions (PDF) for I' = 771
is given by the following relationship

/dFFf /dT f(r) = Tzf( ) (6.17)
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and the other way round.

To calculate the Fano factor according to our approach, firstly the second mo-
ment ((Ma(z)) = —Tr@i(ﬁx(z)ﬂx_m) has to be derived.

2 3 1
23P(2)2 - 22P(2) * z (6.18)

ma(2) =

A Series Approximation of 75(,2) leads to a polynomial of waiting times. The

connection between P(z), (1) is given by (rh 1) = (fl)k%. In that manner

the first three terms of P(z) read P(z) ~ (1) —2(1?)+22(73) + 03(z). Inserting
that in (6.18) and 774 (2), leads to the approximated moments. The order of the
next steps is important. After the Inverse Laplace Transformation the moments
are combined ma(t) — (my(t))2 [m1(t)]”" to the Fano factor. After that the
execution of the long-time limit is performed.

Finally, the Fano factor evaluates to

2(72 Vi
(F) = ) i ar(r)
(r)? (r)?
where Var(7) is the variance of 7. This Fano factor is always greater than one,
as the variance is always positive.

(6.19)

6.2.2 Single Quantum Dot and ring

This example can be generalized if one combines several Tunneling Junctions.
Two Tunneling Junctions are formally equal to a Single Quantum Dot. On this
system detailed measurements exists as well [Gustavsson et al., 2005].

A sequence of K tunneling contacts can be interpreted as ring (cf. [Brandes,
2008]) The transitions between K states, 1 — 2... — K — 1 at rates I‘En) are
interpreted as nojump superoperator. The step K — 0 is interpreted as jump
process in that case, which leads to a change in the rates. So Liouvillian and
jump operator read

o 0 . 0
Y-y o 0
: : 0
0 0 TR ORI
n— n—1
J=D =0k, (6.20)

with (K| = (0,...,1) and [1)) = (1,0,...)T. For K = 2, which is the Single
Quantum Dot in infinite bias limit, one obtains the following Quantum Master
Equation

= A 0o Y
8,0 (t) = ( a n )p(") + ( R PV (621)
IR 0 0
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In contrast to the case of the Tunnel Junction, where the operators could be
expressed as scalars, in these case the operators become K x K-matrices

WHI WH2 WH3 N WHK
o 0 0 0
W= o o o : (6.22)
: 0
0 0 0 0
P 0 0 0
W1P2 P2 0 0
']5(2) = W1W2P3 W2P3 P3
: 0
Wi P Wi Prc WK—lPK PK

Wk Wk

. o) _ _ K
with scalar parameters W; = <z+n>’Pi = <Z+LF> and Wp; = Hj:i W;.
Thus, the disorder averaged Moment Generating Function, which is defined
as M (ix) = Tr(py(z)), reads

M(iy) = ==L (6.23)

The moments can be obtained by differentiation from this Moment Generating
Function, according to the counting filed variable x. After back transformation
to the time space and the execution of the long-time limit, current and Fano
factor read

((ms) = 2(7))

(1)

M=

—
o
Il
N

(6.24)

)

(1;) and (T]") = < 1 > It is possible to express the Fano factor

K
with (7,) = > T

i=1
3= ((7)*+2Var(ry))
as (F.) = “17—>27 where Var(7;) denotes the variance of the inverse

tunneling rates, which is always positive. Therefore, one can simply prove that

(F.) > K~!. In the special case of the Double Quantum Dot one obtains

(I.)) = 72— for the current and (F_) = 2{r) )" 2ri) = () g
> () +(r) o ({7r)+{r))?

Fano factor.

6.2.3 Double Quantum Dot

In contrast to the former examples the Double Quantum Dot is a system that
cannot be obtained by a combination of several Tunneling Junctions. In that
cases bidirectional tunnelling is allowed, as well as the occurrence of coherent
states. [Gurvitz and Prager, 1996].
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The nojump and jump operator of the Double Quantum Dot in the basis p =
(pos pL, PR RPRL, SprL) have the form

. 0 0 0
" 0 0 o 2z
e =1 o o - o -2 |
0 0 o -
LI LI
JO=0 =" Vo) (R|. (6.25)

Thereby 727(”) stands for the coupling strength to the coherent states and e for the
energy difference between the left and right dot level. The Moment Generation
Function reads

M (ix) = (Ar1(2)) = Wi(2)(Br(2)) 1PL(2) (6.26)
eXW, (2)(Tr Br.r(2)) '

with

Tk + 22) (g + 2)(Tr + 22) + 415%) + 462 (I + 2)

(T +22)%2 (2(Tr 4 2) + 412) + 42e2(Tr + 2)
Ir + 22

(Tr +22)2 (2(Tr + 2) + 4152) + 42e2(Tr + 2)

ARﬁT(Z) =

Brr(z) =1*

(6.27)

According to the method proposed, a Mathematica Program was developed
to derive that function. This program can also be used to calculate the Full
Counting Statistics for a given jump and nojump operator automatically. It
becomes obvious that combinations of the scalar objects P;, W; are no longer
sufficient to describe the cumulants. The description in terms of Pr,, Wy, is only
possible for the left lead. The current evaluates to
-1
(Io) = ((r0) + (tr) (2(73) + 2) + 1(Tr){(7})) . (6.28)
It is to observe that this current depends on the average tunnelling rate, as well
as on the average waiting time. A comparison to [Gurvitz and Prager, 1996],
leads to
Icin T2

o > 1, 6.29
(I) A7R (T, + TR (€272 + 2)) + 72 ( )

with the short hand notation (7g)(T'r) = 1 + a. That means that the current
always decays. Plotting the current as function of €, leads to the observation
that the difference to the clean case becomes sufficient for the case of small e.
This is the case, as the current denominator involves a €2 term.
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Fano factor

The Fano factor becomes a quite long term.
(Fio)

e8]

(Is)?

=— <7'L>2 + 2<Tz>

+ <Tq2~> (462 (tR)? + 10€2<T}2%> — (Tr)(tr) + ;)

— ()7 () + 3 ) + (07
+ (o) (2608 + (03 + @)

— 41R)*>+8() (6.30)

However, the most interesting investigations can be made concerning the dis-
tribution of the right lead. Therefore, the distribution of TC(") and FL(") are
assumed to be a delta distributions. This is equivalent to the case of constant
rates. In that case, the Fano factor is given by
(Fo)Z? =8(7R)? (277 + 16V + €7} (—a + dve® + 1))
+8(1r)* (77 (=2 + 20ve® — 1))
+ 16(rg)* (647'% + 66372 + 4)
+ ((a+1)? +28) 77 (6.31)
Z =A(tg) (2(tr) + 1) + 77 (4* (1) + v + 1)

with (72)(T'3%) = (1 + )% + 3, with o, 8 > 0.

Sample distributions

As example the Maxwell Distribution is taken into account. For convenience
the distribution is normed in the way that the parameter of the Probability
Density Function is the average. Thus, the Probability Density Function is

2

flx) = 320%¢_xo® 1p that case current and Fano factor read

203

TOT,
<I%W>(6707TT77—L) = L

mo (1, + 0 (€2 4+ 2)) + 72
7277 (407 + 30mote?)

8(7# (ro2e + 1) + o (20 + 1)) 2
2T} (67TU464 +802%e% + 3) + 247304
8 (1% (022 + 1) + mo (20 + 77)) 2
2 (TE (71'0262 + 1) + 27r02)
72 (ro2e2 + 1)+ 7o (20 + 77)

(6.32)

<F01\C/JIW>(€7U7TT7TL) =

+

+1-

(6.33)

The investigation of current and Fano factor at € = 0, where the current is
maximal, leads to the following observations. The current gets zero for o —
0,00. And the Fano factor converges to the fixed value of % — 1 for o to 0.
For o to oo the Fano factor converges to %’“ -
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6.2.4 Interpretation

In the case of examples without internal dynamics (transitions in a ring) it was
shown that the formula for the current of the clean case can be used if one
replaces the waiting times by their means. This result is quite intuitive. If
one thinks of a classical process, which consists of several sequential subpro-
cesses, the expected time for the whole process is the expected subprocesses. A
calculation of that times in terms of average transition rates is not possible.

The Fano factor for the transitions in a ring systems raises in dependence of the
variance of the distribution of the waiting times. Thus, quantum mechanic and
classical uncertainness are summed up. This is a plausible result.

The situation changes in the case of the Double Quantum Dot, because the
internal dynamics of that system is no sequential process. The current depends
on tunneling rates and waiting times as well and decays in dependence of the
parameter a. In the case of the investigated Maxwell distribution, this param-
eter has a fixed value. In general, this parameter depends on the parameters of
the distribution. There are distributions, for example the Uniform Distribution,
where the parameter o tends to infinity if very small tunneling rates become
possible. This causes a very strong suppression of the current, which is also an
traceable result.

The Fano factor for the Double Quantum Dot, which only depends on the
variance v of the waiting time distribution for the Maxwell Distribution, raises
in contrast to the Fano factor for constant rates. The detailed behavior of the
Fano factor strongly depends on the investigated distribution. Therefore, the
most important next step in this research is to find out, which distribution of
waiting times or tunneling rates is physically reasonable.






Part II1

Beyond randomness:
Special setups
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Chapter 7

Impurity case

The first special case discussed here is the impurity case.
(7.1)

We consider a Tunneling Junction with constant rates except for rate ng.

I n=ng

In this special situation the standard approach is applied with 7 =T £,

—_1rn).
After the tLT , Pn(2) reads
—Zz
I 1 n < no
o) = — st . 72)
(z+1) 24D I’
2+ T n > 0
Applying the FET to pn(2) leads to!
n—x
) (I - T) (eix - 1)rn061"ox
Oy (2) = 1+ . 7.3
s z+F(eiX—1) (I" + 2)(T + 2) (7:3)
T-1
z—t

This is a quite simple function, where the Inverse Laplace Transformation L

is known!
1 re ((ex -1 ; r Ttelx .
) == . (1) (e (o) P 0Dy
F(elx _ 1) + T (?”LO — 1).
ro(dv-1) ‘
o\ T ring (7 Do T (7.4)
[*no—1 (ng —1)!
with I'™* =" — IV and the incomplete gamma function I'. It is quite simple
to show that the long-time limit does not change. If one regards an infinite

number of transitions, the finite set of impurities is a null set.

lusing Mathematica

107
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Thus, the point of interest is in the time resolved current and Fano factor (see
figure 7.1), as well as in the higher cumulants (see figure 7.2).

1.10 ]
1.05¢
1.00¢
0.95¢
0.90+t

1®)/T, KO

0 100 200 300 400
t

Figure 7.1: Current/I" and Fano factor for ng = 10 at rates I' = 0.1, " =0.01
It becomes obvious that the current is disordered for a short time and the
Fano factor needs some longer time to regenerate.

It has to be investigated that higher cumulants are disordered during a signif-
icant longer time than smaller cumulants.? Additionally, it can be remarked
that impurities for larger ng have less impact to the current. This aspect is not
visualized, but can be imagined by thinking of the decaying maximal amplitude
of p(™(t).

In the situation of feedback control, this would not be the case, because the
amplitude is fixed there [Brandes, 2010].

Apart from this results, which leaded to the cumulants, the Inverse Laplace
Transform of p,,(2) (7.2) is know! as

I
ry” —Tt

pou] n < no
n [noe— 't L (no,(r—1")t) _
() = { ey (1= FoRE0) =g (7.5)
rpn—1,-T't T, -1’
me=ur (1 - (ygr—l)rl )t)) n> "o

This result offers directly the possibility to show the probability for n passed
electrons 2, it is quite pleasant (figure 7.2, P, (t) = p™(t)).

At this point the different representation of Full Counting Statistics can be
easily seen next to each other (compare section 3.2).

2With respect to the logarithmic time scale in the plot
Inot obtained with Mathematica
2The trace of a 1x1-matrix is the identity.
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Figure 7.2: Full Counting Statistics: Tunneling Junction with an impurity at no = 10
at rates ' = .1,T" = .01.
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7.1 Discrete time step approach

In the former section the simplest imaginable system was discussed. The com-
plete system could be calculated analytically, but the expressions were quite
complex. Therefore, it seems imaginable that there are systems, where the an-
alytic expression becomes more complex or even unknown. A computational
implementation is easy to produce after the proceeding of (5.2). The idea is
similar to the heuristically derivation of the Quantum Master Equation of the
Single Quantum Dot, which was presented in the Single Quantum Dot example
(5.59). The nQME

aup™ (1) = £§7 o™ () — TV =1 (1) (7.6)
is formally replaced by

dip(n,s) = Lop(n,s) + T Vp(n—1,s) (7.7)
p(n,s) =p(n,s — 1)+ AsOip(n, s — 1). (7.8)

In that context d;p(n, s) is a symbolic variable. For the tunneling contact it is
more convenient to insert (7.7) in (7.8).

Listing 7.1: Simulation for impurity case with variables g=I,gd=I",t= A; s

1 Clear[pl;(*delets all values in connection with px*)

0/;n<0||s<0
[

pln_,s_,g_,gd_,n0_]
pl0,0,g_,gd_,n0_]

pli,1,g_,gd_,n0_] g
6 plo,1,g_,gd_,n0_] := 1-g
pln_,s_,g_,gd_,n0_] :=
pln,s,g,gd,n0] =(*this stores the result in memory*)
If[ n==n0,
11 g pln-1,s-1,g,gd,n0]1+(1-gd) pln,s-1,g,gd,n0],

If[ n==n0+1,
gd pln0,s-1,g,gd,n0]+(1-g) pln,s-1,g,gd,n0],
g pln-1,s-1,g,gd,n0]l+(1-g) pln,s-1,g,gd,n0]
]
16 ]

Apart from the distribution, p, (t) can be approximated by an FST , which is
n—x

cut at large n.

For figure 7.3 the following approximation was done

Ao
n0,0ffsct‘i’tTt

P~ Y ei"Xp(n,ALS7F,F/,n0>. (7.9)

n=0

Afterwards, the cumulants were derived by the default procedure. The critical
parameter in this plot (figure 7.3) is A;. Lowering this parameter produces
better results (cf. figure 7.4), but consumes more computation power.

3This variable is called dtRnt in the source code.
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=0.1, I"=0.05 ny=10 I'=0.1, I'=0.05ny=10

20
15¢
@)
)
)
05}
0 20 40 60 80 100 0 20 40 60 80 100
s/4 g4
Figure 7.3: Simulated results for the first three cumulants (current: blue, Fano factor:
red, 3rd cumulant: ) for the case already discussed in the former
section. ng = 10,I" = .1,IV = .05 with simulation parameter N0,0ffset =

7,A0 = £, Ay = 4., comparison to the analytical result (solid lines)

'=0.1, I'"=0.05ny=10 I'=0.1, I"'=0.05ny=10

aof 1 20
1 15¢ 1
@
1 S0 —
@ \.—/
&
] 051 1
Il | 0.0 1 L Il 1 L
150 200 0 50 100 150 200

s/2

Figure 7.4: Improved results for the first three cumulants (current: blue, Fano factor:
red, 3rd cumulant: ) for the case as already discussed in the former
section. ng = 10,I' = .1,V = .05 with simulation parameter 1o offset =
T, Ao = %, A = 2., comparison to the analytical result (solid lines).
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A detailed investigation ot the occupation (of the conditioned density matrix)
points to a recursive formula for P(n, s).

() (DA™ (1 —TA)* ™ n < no
P(n,s) = § (TA)" 3521 (1) (1= TA)TH=mo(1 = T/A) 7+ n=ng
B@A)" Y32 (7)) (A = TA)TH= (1 = TA)* I+ n > g

(7.10)

Calculating the limit A, — 0 (% — Ft) leads to

e n < ng

poy = ()" e (1 B T e
% (FF,ZIE/)n [e_r/t —e 1t (1 + ZZ: W)] n > ng

(7.11)
%e‘” n < ng
()" (] o
F(ek) [ (i) e

which is in accordance to the analytical result.

7.2 Comparison and alternatives*

In this section the known result of the clean limit is reproduced in a very brief
way. An idea for an alternative approach to treat this problem, is outlined in
the second subsection. This addresses readers, who want to the work on similar
systems.

Reference system barrier*

With the method discussed in the former section, the graphic [Flindt, 2007, 4.1]
can be reproduced by setting IV = I" = 0.1. As expected the same result is
obtained.

Considering particles transmitted to a barrier with a transmission rate I' and
finite time-steps dt with s = t/dt. The probability to have n particles after s
time-steps is obviously

Pny=TdtP, 1, 1+ (1—Tdt)P, . . (7.13)

Solving this recurrence equation yields to a binomial distribution

P, = (;) (Ddt)"™(1 — Tdt)* ™. (7.14)
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For the limit d¢t — 0, (£t — I't), (7.14) becomes a Poisson Distribution

Pa(t) = (F;!)ne*“. (7.15)

This function is well known. Another way to derive this result, is to change the
order of time limit and the solution of the function.

O Ppy =T (Pni(n—1,t) — Pyy) (7.16)
t—z
2Py . — Ppi(n,0) =T (P, .(n—1,t) — P, 2) (7.17)
n — x and P, +(n,0) = 0,0
2Py —1=T (X =1) Py.. (7.18)
z—=t
P = ¢~TH1=el) (7.19)

The Cumulant Generating Function is

S,(0) = (TH)(E™ — 1), (720)
[Flindt, 2007, 4.8] x — t.
1 2 1 .X )™
Pn ;= — e—lnx—Ft(l—el )dX _ ( ) e—Ft (721)
’ 2 0 TL!

Alternative approach*®

Another approach: IT'* =T —T"

0up™ (1) =T (o) () = 1,8) = p)(0)) + T (800,00™) (8) = Sno-1,0p™ (t) (m0 — 1,1))
(7.22)

With the series Fourier Transformation and the short notation p, (t) = >, p(™ (t)el"x
one gets

Bup(t) =T (€7 = 1) py (1) + T (€™Xp (1) (o, ) = € F DX (1) (g — 1,1))
(7.23)

cf [Emary, 2009, 9.15].

The Fourier Representation of p(™ (t) is

1

)y — 1
P (t) o

[ ot (7.24)
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which evaluates to
Oipy(t) =T (eix - 1) Py (1)

2 2
+I (/ e () (X, 1) dx’+/ e mom DO (1)(X, 1) dx’)-
0 0
(7.25)

For convenience, this is transformed to the Laplace Space by using

= [ oo an (7.26)

This leads to
27

2px(2) = px(D)(x,0) =T (€% = 1) py(t) + T*(e" + ™71 </0 e 0D (X 1) dx’)

(7.27)
1 o1y 7T ier)
~ _ *( M n0— —i(x—x / /
2) = iy (1T et [T nay).
(7.28)
This equation can be expanded as a Dyson Series [Brandes, 2007, 1.2.7]
P (7.29)
x z— (eix = 1)
1 2 . ,
N (1) _ *0oM n0—1 —i(x—x") / ’
Px(2) T = (ex—1) (1+F (e" +e )/0 e Px(t)(Xat)dX)

(7.30)



Chapter 8

Simulated
Single Quantum Dot

Instead of random rates or constant rates with impurities, one can think about
alternating rates. All systems, which are a special type of the ring case, can be
modelled with this approach.

The aim of this chapter is only to explain the idea. It is meant to do an all-
embracing and general research on that idea. Therefore, the Single Quantum
Dot will be taken as an example. In terms of the graphical scheme 5.5, the two
dimensional process is uncompressed to a linear process.

Defining n = 2m + 4 with {n,m,i} € N,i < 2 and
F ) =
py — Tz i) =0 (8.1)
g i(n)=1,

makes the barrier becoming a Single Quantum Dot. This means for collecting
the terms after i, m leads to

825 (pn—2m+0(t)> _ <_FL 0 ) (pn—2m+0(t)) + (O FR) (pn—Q(m1)+O(t)>
pn,:?m-&-l(t) I—‘L _FR pn:2m+1(t) 0 0 pn:2(m—l)+l(t>
(8.2)

with a new definition for p(™) ()9, as vector

P (£ = (Pn—zm(t>> (8.3)

pn:2'm,(t)

(T 0 (0 I'g
b ()= (0 T, ”
Disregarding the [2]%°* index, makes (8.2) become the known n-resolved Liouville-
von Neumann Equation for constant rates

0p™ () = Lop™ () + T pu—1(1)- (8.5)

The physical interpretation was already discussed:

and
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J : particles leaving the system
Lo : the rest
Tunneling Junction interpretation

The next step is to find out, what happens if one regards the system with its
original interpretation as Tunneling Junction?

Remembering equation (3.10)

0
ﬁn(z) = 7571(2) < H

In our case, with commuting 1x1-matrices, it becomes

Wk(2)> pPo- (8.6)

k 1

0
pn(2) = Pu(2)WL(2)s < 11 Wzk(Z)W2k+1(Z)> Po (8.7)

k=m—1

= Pu(2)WL(2)s (WL(2)Wr(2)™ (8.8)

where Wi (2)s = 1 4+ i(n)(Wr(z) — 1), po = 1, Pn(z) = ﬁ,wn(z) =

(™ n i(n
Ll P — e,

This forces us to split the sum of the FST into two parts. One for the even part

n—x

and one for the odd part.

oo

FSTpu(2) = 3 (Pule) (W) " e 4 Pr(e)i(z) (Wi(z)) " i)

n—x

m=0
(8.9)
= (Pu2) + Pr(x)We(2)eX) 3 (W(z))" el2nx (8.10)
n=0
:,fDL(Z) + ﬁR(z)WL(Z)eiX (811)

1— 2 (z)

It is quite simple to derive the current from this point by inserting the definitions

(W(2) = WL(2)Wr(2)).
lim, 0 2271 (2) leads to

1 Tk
+71r I +1Ig’

(o) =2 (8.12)
which is the double of the clean case current. Using the known method to derive
the Fano factor, leads to 2
Iy 2 T 2 2 2
ool T TLETR (8.13)
(I +Tr) (L + Tr)

(F

oo

Li(n) = i(i(n)) can be interpreted as projector in this case
2In this (special) case the expression in terms of waiting times and tunneling rates are
formally equivalent.
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which is also the double of the Fano factor (5.97). (8.12, 8.13) are expected
results. In the simulation, the current passing through the right and the left
Tunneling Junction, is transported through one Tunneling Junction. This Tun-
neling Junction can then be interpreted as alternatingly right or left tunneling
contact.






Chapter 9

Feedback control simulation

In a former step a classical feedback look for the nQME could be used. There-
fore, the principle of [Brandes, 2010] is applied to the n-dependent tunneling
rates.

In this thesis the view is restricted to the simulation of the Tunneling Junction.
The nQME now reads

0ip!™ (1) = TV (g1 ()" V(1) =TT f(gu ()™ (1) (9:1)

with f(z) = 1+ gz and ¢, = (I)t — n. In [Brandes, 2010] the following
observations were done for the clean case:

e The FCS charge distribution P(n,t) converges rapidly into a stationary
distribution with a fixed shape, which moves with a constant speed to
larger n.

e Even cumulants have finite values in the long-time limit.?

Clean case

At first the result for constant waiting times is being reproduced with the sim-
ulation method explained in chapter 7.1.

Listing 9.1: Simulation for clean feedback case with variables gm=I'A;,G=g¢,10= I,
t = A, s and rate restriction to gFB= A:I'eg € [0.001...0.999]

(*initial valuesx)
Clear [pFB,gFB];
pFBIn_,s_] := 0/;n<0]|s<0

4 pFB[n_,0] := DiscreteDelta[n]
(*rates*)
cFB[n_,s_] :=
Min[Max[G (IO s-n),(.001-gm)/gm],(.999-gm)/gm] (*numerical restrictionx)
gFBIn_,s_] :=
9 gFB[n,s] = gm (1+cFB[n,s])
(*density operatorx*)
pFBIn_,s_] :=
PFBIn,s] = N[gFB[n-1,s-1] pFB[n-1,s-1]+(1-gFB[n,s-1]) pFB[n,s-1]]

n the case without feedback they become infinite. The constant values were current and
Fano factor.
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\ =
0.14 ——s=100
0.12f ——s=300
0.10F —— =600
[ N
@ 0.081 A —— s=1000
c F I\
=1 [ [
0.06 | '} \\ ——s=1400
004 31 \\ ——5=1800
002} . :
OOO 7\ L L L I ]
0 50 100 150 200
n
(a) FCS charge distribution
2r : ‘ ‘ ‘ 03
1 1 02}
g 0 5 01
_1f 0.0t
2L : : : : -01t : : : :
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n n
(b) feedback parameter (c) effective rate

Figure 9.1: Simulation for the distribution of the FCS charge distribution p(n, s) with
I'=1,A: = 0.1,g = 0.02 on the left. On the right feedback parameters.
goft Was restricted to the range between 0 and one. With a time-step of
0.1 this restricts f(gn) in the area of 0... 10.

This leads to good results despite the finite control strength (cf. figure 9.1).
This finite control strength had to be introduce to keep the trace of the system
density matrix equal to one?. A more intuitive explanation for the finite strength
is that the probability for an event has to be in the range from zero to one.

Random case

Analogically to the clean case, a simulation for the random case was designed.
To get a reference a simulation without feedback is done at first. As in the clean
case without feedback (not shown), the distribution for the random case splits
up. In that case the parameter « is the parameter of a Uniform Distribution
with the width 0 = 1.8 the mean I' =1

log (~ 7 — 1)
& = QUniform = T'o —1=0.63, (92)

which implies a decay in the current to (I ) = (I‘)H%a ~ .61(I).

2In that one dimensional example that measure keep 1 = 1.
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This fact can also be observed by comparing figure 9.1 with 9.2. For example
the maximum at s = 1800 is slowed down from 180 to about 110 (see also
(5.24)). Due to the fact that the shape of the distribution for the random rates
is unknown as function of time (see 5.1), a simulation was performed with 20
independent sets of random rates. Averaging over the probability for that rates,
approximates the charge distribution. Thus, only the rates are simulated and
the charge distribution for every set of random rates is derived analytically. In
9.2 it can be observed that the shape of the distribution runs in a fixed state
apart from the random fluctuations.

p(n,s)

p(n,s)

Figure 9.2:

014f ——s=100

0'12;7 (a) no feedback ——s=300

0.08F

0.06

0.02F

0.00L . L
0 20 40 60 80 100 120 140

0.14f ——s=100
0.12 —— =300
0.10 ——— =600
0.08 ——5=1000
0.06 ——s=1400
. —— $=1800
0.02 .
0.00 : " L |

0 20 40 60 80 100 120 140

Simulation for the distribution of the FCS charge distribution p(n,s) for
a Uniform Distribution with mean at I' = 1 and width o = 1.8. This
distribution was calculated based on just 20 samples. Therefore, the shape
is not smooth. The upper picture shows the situation without feedback
and the lower picture with feedback at feedback strength g = 0.02. The
time step width was set to Ay = 0.1 again. As in the clean case the shape
of the distribution is conserved. Thereby, the same rates were used for the
case with and without feedback.

To clarify the situation one single time step is taken into account in figure 9.3.
In that figure one can see that the feedback controls the randomness like a



122 CHAPTER 9. FEEDBACK CONTROL SIMULATION

p(ns)

Figure 9.3: Simulation for the distribution of the number of particles p,, over n after
s = 101 steps of simulation

1
red line : for constant rates I' = (ff x_lt.5($)d$) = 0.434, where t 5(v) is

the PDF of a triangular distribution with mean at 0.5 and width 0.8
blue line : for the same rate with feedback g = .1
red squares : one realization of random rates for the former distribution ¢ 5(x).
blue dots : same realization with feedback g = .1. One can see
blue+red area (top) The outer boarder is the absolute value of the additional
feedback rate for random rates
red area (top) : additional feedback rate for random case.
For the simulation with a discrete time step approach the rate has to get a
value between 0 and 1, in contrast to the analytical calculation, where the
control part can becomes any value. As this gets affected for very large
or small rates, the feedback was bordered for the simulation.

moving potential. At this point it has to be mentioned that it was not proven
that the average random rate has the same shape as the clean rate with the
same waiting time. This facts implicate a discussion, which is handled in the
following outlook.



Chapter 10

Conclusion and Outlook

In this thesis the wide range of applications of the n-resolved Quantum Master
Equation with variable tunneling rates was demonstrated.

It was shown that a microscopic derivation of the nQME is possible. A further
step in this direction is to check if this derivation can be generalized to time re-
solved methods. In this context it should be possible to consider non Markovian
effects. Therefore, a budding approach is the TCL'-method, which is discussed
in [Breuer and Petruccione, 2002].

In a further step it was shown that the formalism for constant rates can be
generalized for random distributed tunneling rates as well. The known results
were reproduced for as special case in the clean limit, where a sharp distribution
was investigated. It was pointed out that the mean of the inverse tunneling rates,
the waiting times are the fundamental variables to describe random distributed
current for systems without internal dynamics. The expected result that random
rates lead to a decrease of the current and an increase of the Fano factor could
be confirmed for all investigated sample setups. For a conclusion of these results
see 6.2.5 on page 102. A software was developed to investigate arability setups.
Thus, it would be simple to derive the current, Fano factor and higher order
cumulants for Triple Quantum Dots etc. The next step is to investigate, which
distributions occur in reality. A detailed research on a large number of PDF's
without experimental background might be misleading.

The next step is to investigate, which distributions occur in reality. A detailed
research on a large number of PDFs without experimental background might
be misleading.

The FCS for shorter times were not investigated in detail. One approach was
the small bandwidth approach. With this approach one is able to determine the
shape of the average distribution for random rates. However, the precondition
for that is that the derivation of the nQME is compatible with the investigated
time scales.

Another point to continue the research is to connect the quantum mechanical

1time-convolution-less
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waiting times [Brandes, 2008] with the (negative moment) waiting times of this
thesis. By doing that, a gentle tool for experimental examinations could be
created.

It was also shown that there are many other options to apply the nQME beyond
randomness. For further investigations, especially the approach of combining
Feedback Control with the random is an interesting topic.

Overall there are many possible connotations. Some of them are adumbrated
in the * chapter.

However, if this research is being continued, the overall next step is to get a close
relationship to the experiments and to compare the theoretical calculations with
experimental data.
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Appendix A

Mathematical definitions
and propositions

The following chapter contains the mathematical definitions and propositions,
which were used in this thesis. As it concerns very simple mathematical sen-
tences, it seems to be easier to formulate a fitting statement and proof it, instead
of doing a literature research. Even so the sentences can be probably found in
the appropriate books.

A.1 Basic statistic

Definition 5 ([z]) := g(F)f(F) dr

Definition 6 (expected value) ([T]) is the expected value with regard to all
rates in expression [x], where

o S is the region of all possible rates !,
o ' € S is a vector, representing a set of rates Iy, and
e f is the Probability Density Function (PDF).
The Probability Density Function f has the following properties

o [f(I)dl =1
S

eVI'eS: f(I')>0
Proposition 4 (separable case) In the special case, when

o S=1]][,Saq is the Cartesian power of subsets S, and

o the expression [Z) =[], [@]a is separable with respect to S,
the expected value (Z)r = [, (@ha)r, -

1S was chosen with regard to the word Sample space
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Proof

(@s = / @(D)£(I) dT
S

:/-.-/a1<n>a2<r2>...f1<n>f2<r2>... ALy ..

S1,52,...
= /a1 (Fl)fl (Fl) dFl /GQ(FQ)fQ(FQ) dl—‘g e (Al)
S1 Sa
(@h)n (@k)n

Assumption 1 Due to physical reasons, all rates are said to be positive real
numbers.

That means for S,
S C 10,00 |. (A.2)

For convenience we extend f, to the whole range of reals

0 z<0Vz=00
falz) = {fa(gj) else (old definition). (49)

Cumulants

The relationship between moments and cumulants is [Wikipedia, 2010b]

Cn = mp(t) — § (Z B i) Mk (t). (A.4)

Special regard has to be taken to the displacement law, which was used in (3.50)
and is a special case of the formula (A.4)

Proposition 5 (displacement law) The variance of any random variable [Z] :
<( — ())2> can be rewritten by

(@- @)*") = @) - @* (A.5)
Proof

(@- @) = @ - @@+ @?) = @) - 2@@) +(@?) = @) - @*
(A.6)

Proposition 6 (variance and Fano factor (Single Quantum Dot))

a® + b?
(a+b)?

V{a,b} € R : > (A7)

1
2
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Proof
a? + b2 1

—_— > A8
a? + b2+ 2ab — 2 (A8)
& 2(a® 4 b?) > a® + b + 2ab (A.9)
& a® 4+ b2 > 2ab (A.10)

Without loss of generality we writeb >a —b=a+¢€,¢ >0
& 2a% + 2ae + €% > 2a* + 2ae (A.11)
&2 >0. (A.12)

Proof Alternative (a — b)? > 0 = a? + b? > 2ab = 2(a® + b%) > (a + b)2.

Proposition 7 (variance and Fano factor (ring))

K
V{ax} €RT: A > % (A.13)
2
a
(k; 2

Proof This sum can be rewritten to

n

K 2 K K
KZQ% > (Z ak> = Zai + 2 Z a;a; (A.14)
k=1 k=1

k=1 ij=1
i
K K
< (K-1) Zai > 42 Z a;a;. (A.15)
k=1 ij=1
i#]

Assuming, without loss of generality, ax > ax_1--+ > a1, leads to ai > apaj,
with k > j. So it is sufficient to show that the n inequalities

E

-1
(K - 1)ak Z Q (A16)
1

J
are valid. This is obvious, because K > k > j.

Remark: Proposition 6 is a special case of proposition 7.

A.1.1 Positivity of Fano factor parameters

According to the Jenson inequality for every convex function f(z), we have
f({z)) < (f(2)). (A.17)
That means that

(x)7F < <(L‘7k>. (A.18)
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Especially £ = 1 leads to the fact that & > 0. In the same style, one can
show that < > > (z)? and <x_2> > (z)72. The multiplication of these two

inequalities leads to
<3312>< >2< ><12> (14 a)? (A.19)

Thus g > 0.

A.2 Features of Laplace Space

If there is no way to derive my(t) analytically, one can use a Taylor Series
at z = 0 if the long-time limit is in focus of interest. Due to the following
proposition, it is sufficient to develop up to order O(z)°.

Proposition 8 (order of Taylor Series for long-time limit) The Inverse
Laplace Transformation of z* for k > 0 is Lfl;fl{zk} =0 fort#0.
z—>

Proof

1 c1+ice
LTz ’“}7 — lim e* 2k dz, (A.20)
z—t ﬂ'z Cco—00 c1—ico
which is a so called Bromwich Integral that can be calculated via the residual
theorem. Obviously, the function e**z* has no residuals. Thus, the Bromuwich

integral evaluates to 0.

Proposition 9 For a complex function mq(z) that has no singularities in the
region, where Re(z) > 0 and LI;_lml(z) = my (t)m, we have
z—1

. T 2 A
tlggo Ormy (t) = il_r)r%)z ma(z). (A.21)
Proof
tlim omy(t) = / O2my (t)dt + 9;my (0) (A.22)
> 0
= lim O2my (t)e *tdt + 0ym1(0)
z=0 Jo
_ . 2 A ST
= ;1_%2 mi(z) ili)% zm1(0)
= lim 2%1h, (2)
z—0

A.3 Series Approximations

For a sharp distribution a series expansion at the mean value is possible as well.

While calculating the Taylor Series, the following proposition was used.



A.3. SERIES APPROXIMATIONS 131

Proposition 10 (series of a product of function) The Taylor Series of a
product of two functions f(z),g(z) of order k can be calculated as the first k
orders of the product of the Taylor Series of order k+1 of f and g

T fgz = Tt (2) - Th g(2) + O(2)F L. (A.23)

Proof The Taylor Polynomial (at point a = 0 of order k of function f) is defined
as

(A.24)

k
Ty s (2 Z

The product rule is

7 .
(( Z(ﬁ“”¢%> (A.25)
1=0
with (jz) = l!(jjil)l'
Inserting (A.25) into (A.24) leads to

=0 (2)gW (2 WINERC D(2)g® .
Tis(e ZZ f Deeg ZZ e ae)

Comparing with

D (z) . k TG D(z
st Tt = (S5 ) (2500 ) 3252 F

j= ) j=01=0

(A.27)

and collecting the terms of the same 2*, shows the result.

Proposition 11 (permutability of mean and series) Let g be a function
of T,z and {g) = (g(2,T))r with 0,(T) = 0. Then it is possible to permute the
calculation of mean and series.

T (9)(2) = (Tk,g(2)) (A.28)
(A.29)

Proof

Jj=0 J
" [g9D (T, 2)f()dT
Zf e

(J) Py
:/Zngjf> = (Thy(2)) (A.30)

2+ O(z)k'H
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A.4 Special derivates

Proposition 12 (derivative of inverse matrices) Let A = A(x) be an in-
vertible matriz, which only depends on x. Then one can calculate the derivative
of the inverse matriz (A=) via

0, A7 = —A"10,(A).A7L. (A.31)
Proof
D, A1 = Dz (A71.AA7Y)
= On(A™N).AAT + A7 (0,(4). A7 + A9, A7)

= 20,A7 4+ A71(9,4).A7!
— —A71(8,A).A71 (A.32)



Appendix B

Basic physic

In this chapter standard methods from quantum mechanics and statistics are
repeated.

B.1 Liouville-von Neumann Equation

In this section the Liouville-von Neumann Equation will be derived from the
Schrodinger Equation and expressed in superoperator form.

B.1.1 Schrodinger Equation

The well known time dependent Schrédinger Equation [Brandes, 2009, 1.30]
i0, U = HY (B.1)
can be expressed in bra- or ket-notation

(10, V| = (HY| (B.2)
[i0,¥) = [HT). (B.3)
By using the hermitian property of the scalar product (a¥|8®) = o* [ (U|D)

[Brandes, 2009, 2.72], it is possible to derive the time derivative of the state in
bra- or ket-notation.

0, |U) = —iH [W) (B.4)
0, (W] =i (¥|H (B.5)
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B.1.2 Density matrix and Liouville-von Neumann Equa-

tion
The density matriz is defined as

05 = an [ny (n| [Brandes, 2009, 3.43]

n

with the general properties:

Trog =1 traceclass 1
%s' = os Hermitian
0s >0 positv semidefinit

The time development is

0= om = UpsUT,

described via the time-development-operator [Brandes, 2009, 3.71]

(B.10)

(B.11)
(B.12)

(B.13)

U= e—th
= 0,U = —iHU.
= 0,U" ={U'H.
With the time derivatives and straight forward algebra, one computes [Brandes,
2009, 3.75]
[&g =1i[p,H], Liouwville-von Neumann Equation]

B.1.3 Motivation: n-dependent tunneling rates

V

H,

Figure B.1: Idea of n-dependent rates

(B.14)
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The derivation of the full n-resolved Quantum Master Equation with n-dependent
tunneling rates is quite long.

As a first simplification we start to derive n-dependent ' tunneling rates after
standard quantum mechanics methods (QMII Scholl,Brandes). Starting with a
Hamiltonian, which depends on scalar function n(t) and can be split into two
parts

H(n(t)) = Ho + V(n(t)), (B.15)
where one depends on n(t) and the other one not.
Assuming that n(t) is a step-function, leads to the following form for V(n(t))
and can be written as
VD o<t <ty
VAt <t <t
V(n(t)=1«... (B.16)
V<t <ty

It has to be remarked that the ¢; are completely unknown. Writing V(n(t))
stands for the expectation value of all possible realization, where n-1 steps hap-
pened after the time t ((V(¢1,t2,...,tN,t) : th—1 <t <t,)). Thus, the (?7?)
becomes

dro(n(t)) = ilo(n(t)), H(n(t))]- (B.17)

With the assumption that the solution for Hy is known, it is nearby to transform
to an effective interaction picture

Ug = e~ iHot (B.18)
3(t, n(t)) = Uloo(n(t))Uo. (B.19)

So with the product rule and the derivative for U, one becomes
de0(t,n(t)) = i [2(n(t)), Ho] + U'o (9re(n(t))) Uo (B.20)
—i [0, Ho] + U'o (i [0, Ho + V(n(1))]) Uo (B.21)
—i[2,Ho] +1iU"o [e, V] Uo +iU"o [0, Ho] U (B.22)
~i[o, Ho] +1 |2, V] Up +i[2, Ho] (B.23)
=i [@(t,n(t)),\?(t,n(t))] 7 (B.24)

where

V(t, n(t)) = ety (n(t))e1Hot, (B.25)

The notations ,0' := p(#,n(t')) and the same for V (V := V(t,n(t)),\?/ =
V(t',n(t'))) 2, as well as the definition [* = fttn,l dt’, helps to keep the text

In has no physical interpretation yet. It does not stand for the number of particles, which
have been transported through a Quantum Dot yet.
2In the literature s is sometimes used instead of t’
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readable.

If one regards V as a perturbation, it is self-evident that a perturbative expan-
sion makes sense

5= 0(tu_1) + i// [g)’,\?'}, (B.26)
(B.27)

2=0(tn) +i [ [olta). V] + 000" (B.29

at@:i[g(tn,l),\?} —// [@’f’ ,\7} (B.29)

If we write the former equation in the basis-representation g, = (al ¢|b), it
looks like this

!/
nr = o+ [ [oua V] + OV, (B.30)

B.2 Fermi’s Golden Rule

To be consisted with the standard notation of Fermi’s Golden Rule, the state
notation is used instead of the density matrix notation for the next steps.

We start with

[&(t)) = [¢o) i/ot di' V (¢)] (). (B.31)

For our problem we call the system-state at time ¢ = ¢, : ¥, (B.30)
B0) = o) 1 [ 7 as) + 07 (B.32)
Assuming that the system is in the pure state |¢,—1) = [i) at time ¢ = ¢,.

The probability for a change from |i) to |f) with ¢ # f in the time region ¢,
(tn—1 >t > tyy1)) is given by

2 T 2 i(ef—ei)t 2 2

| = [T = [elter=<0t| " ¢ rlws) (B.33)

—_——

Ppisp(t) == ‘(fl@

= |[ o] = Jrversaf| f e

? gin? ((t — t’;l)A6> (ZE>23. (B.35)

(B.34)

— |y
vy




B.2. FERMI'S GOLDEN RULE 137

The rate is defined as Ij_,; := lim;_,o %Piﬁj.

1 o T om . (=AY [ 2\

Duimsj = lim 2Py = lim ;‘Vﬁ sin? (=) () (B36)
2
_<n>2~1-2t£€i_‘<n>2- ne? ((12€
= sz‘ tl_l)rgotsm ( 5 v Vﬁ tlggotsmc 5
(B.37)
v or 1 L aine? (A€
= |V} 27r21¢g0 o sinc (27 (B.38)
2
= [VIP|" 2m5(Ae) (B.39)

In the second line the definition of the rate hides a physical problem. When
every real number ¢, 1 can be neglected in comparison to ¢, which is going to
00, this question has to discussed on finite timescales. This problem is ignored
at this point, because I, ;_,; will be derived from the waiting time distribution
for experimental data.

1 2 4

In the last step 7! sinc® was used as normalized L? function for a dirac-series?.

Thus, the definition for the n-dependent tunneling rates reads

’ d(e—ey)

Replacing the rate in the QME with this n-dependent rates leads to the nQME.

Definition 7 Flgn) =00 limy oo 1P kg =2m > ’V(fz)

p(Ef—E D)

. ‘ Ei-F
_orhft 2t

Figure B.2: sinc function

3Ae = €f — €
412 sinc?(z) dz = 7 and lim,_o %f <£> = 4(z)
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B.3 Superoperator form

In linear algebra linear mappings from matrices to matrices are expressed by
matrices.

KRXT 5 KXy KnXT (B.40)

This is done by expressing source and target of the matrices as vectors by
choosing an appropriate basis and write the linear mapping as matrix concerning
this basis. In this style the same can be done with linear operations from
operators to operators called superoperators.

As an example, one regards the density matrix of a two level system as linear
combination of Pauli Matrices.

T
b
p=|z2| = <(z d> (B.41)
x3/) Pi,j
1 4

1 0 0 1 0 —i 1 0
0'0:(0 1), 01:<1 O), 0'22(i 0), 0'3:(0 _1>. (B43)

Obviously, g = 1. Otherwise the trace (B.7) of the density-matrix would not
be one. The formula x; = Tro;p helps to compute explicitly the basis-change. °

For the Liouville-von Neumann Equation this means (B.14)
Oro = Lo, (B.44)

where L is called Liouvillan, which is discussed in detail below.

B.3.1 Effective interaction picture

Regarding the case that the Hamiltonian is given in the form
H=Hy+ \V, (B.45)

where AV is a small perturbation for the Hamiltonian Hy .

With the free-time-evolution-operator Uy := e~1Hot for the unperturbed system

( Hp ) and its hermitian conjugate (h.c) UTg := eiHUt, one defines p := UyoUTy.

Thus, the Liouville-von Neumann Equation in the interaction picture reads

040 = A\LD (B.46)

5An Mathematica Program concerning Pauli Matrices can be found at http://homepage.
cem.itesm.mx/lgomez/quantum/v7pauli.pdf


http://homepage.cem.itesm.mx/lgomez/quantum/v7pauli.pdf
http://homepage.cem.itesm.mx/lgomez/quantum/v7pauli.pdf
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with £ := i{, \7} 6 With py = o(t = 0),L' := i{,{/(t’)} 7 as well as the
definition [ "= fot dt’, which helps to keep the text readable, p reads

/
0= 0o +/ L'o. (B.47)

6Hy disappears, because of the product-rule 8:3 = 8:(UT)oUp + Utged:(Ug) +
UTo(8:£e)UTo = —ilg, Ho] + i[e, Ho] + iX[e, UToVUg]
"In the literature s is sometimes used instead of t’






Appendix C

Calculations

C.1 Higher moments

As this is a quiet long expression even for the first moment, the following short
hand notation makes sense for higher moments. The superoperator

7 i DA z ot = (W(2).Go(z
T(2) = (ilxlgloe W( )'1—eix17v(z)> (W( ).Gol )). (C.1)
(C.2)

Therefore, one defines a custom trace function with the short hand notation

TrC@E = Tz P(2).Go(2).po- (C.3)

The coefficients ¢(n, k) can be calculated as a nested sum of the first k integer
numbers. The iteration step looks for example like this 1 +2+3 — 1+ 2(1 +
2) + 3(1 4+ 2 + 3). These numbers comes from the derivative.

With the help of the standard differentiation rules and the incremental use of
(A.31), the first six moments evaluate to

i (z) = CTr(”r(z)) (C.4)

a(z) = CTr(%(z) +2! 7’2(2)) (C.5)

g (z) = CTr(7'(z) +3.2172(2) + 3! 7'3(2)) (C.6)

ia(z) = CTx (T(2) +7- 2 T2() + 631 T73(2) + 41 T(2)) (C.7)

s (2) = CTx (T(2) + 15 2172(2) + 2531 T7(2) +10- 41 T1(2) + 51 T°(2) )
(C.8)

g (z) = CTr(7'(z) +31-2072(2) + 90 3173(2) + 65 - 41 T4(2) + 15 - 51 T (2) + 6! 7'6(2))
(C.9)

141
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In that way even higher moments look quite simple.

The kernel of higher moments has been calculated with the help of the Mathe-
matica function nQMEMomMatGen.

Listing C.1: General form of the moments.

(% ::Package:: *)

3 (*Define a custom matriz product with standard attributes*)
Attributes [SmallCircle] = {Flat, Oneldentity}; (*SmallCircle is something like a matriz product (.)*)
SmallCircle /: a_o(b_ + c_) := aob + aoc;
SmallCircle /: a_o(k_Integerxb_) := kxaob;
SmallCircle /: (k_Integer*a_ob__)oc_ := k*aoboc;

(*D[_,x]-->d*)
d::usage = "Someting like a differential-operator for matrices concerning X";
d[R] := Rod[W]OR (*see AA EqRefRWR ZZ *)
d[W] = W; (*W does not depend on chix)
13 (#Standard differntiation rules*)
dlx_oy_] := dlx]loy + xodl[yl;
d[k_Integer*b__] := k*d[bl;
dla_ + b_] := d[a] + d[b]
df1, b__] d[bl;
18 dln_, b__] := dld[n - 1, bl];
(*rewrite Rules to keep the result shortx)
TzRul := {WoR -> Tz[1], Tz[n_loTz[k_] -> Tz[n + k1} (*find WR*)
CTracelRul := RoTz[k_] -> 1/k! Tz[k] (*Replace with Tzx)

23 (*the ezported function*)
nQMEMomMatGen[k_] := nQMEMomMatGen[k] = Expand[d[k, R]1//. TzRul /. CTracelRul; (*keep the evaluated
values*)

Taking a look to the coefficients of 7%(z) leads to the following observations.

. . k
e The derivative produces terms in the form k! (W(z)go(z)) . Therefore,
T*(z) was defined in the way it is.
e The coefficients c¢(n, k) can be calculated as a nested sum of the first k

integer numbers. The iteration step looks for example like this 1+2+43 —
1+4+2(1+2)+3(1+2+3). These numbers comes from the derivative

c(n, k) =¢(n —k+1,k) (C.10)
Eoo.x .
. -1 1
with  ¢&(s, k) = L=y ie(s = 1,i) s> (C.11)
1 else
Following the general formula reads
i (2) = CTrY  c(n, k)k! T*(2). (C.12)

k=1

So one can calculate high cumulants in a very short time.

Listing C.2: Improved algorithm. First 100 moments in less than 1 second.

Coeff[s_, k_] := Coeffl[s, k] = If[s > 1, Sum[i*Coeff[s - 1, i], {i, 1, k}], 1];
Coeffn[n_, k_] := Coeffln - k + 1, kl;
nQMEMomMatGen[n_] := nQMEMomMatGen[n] = Sum[Coeffn[n, kl*Tz[k], {k, 1, n}];
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C.1.1 Single Quantum Dots

For the Single Quantum Dot the higher cumulants read

_Wr(2)(PL(2) + Pr(z)WL(2))(p0oWL(2) + po1)
(Wr(2)Wr(z) —1)2
~ Wr(z)(WL(2)Wr(2) + 1)(PL(2) + Pr(2)WL(2))(pooWL(2) + po1)
(Wr(2)Wg(2) —1)?

(C.13)

(C.14)

Wr(2)WL(2)Wr(2)(WL(2)Wr(2) +4) + D) (Pr(2) + Pr(z)WL(2))(PooWL(2) + po1)
(WL(2)Wr(z) — 1)*

(C.15)
Wr(z)(WL(2)Wr(2) + )(Wr(2)Wr(2)(WL(2)Wr(z) +10) + 1)(PL(2) + Pr(2)WL(2))
(WL(2)Wg(z) —1)°
“(pooWrL(2) + por) (C.16)
(WL(2)Wr(2)(WL(2)Wr(2) WL (2)Wr(2)(WL(2)Wr(2) + 26) + 66) +26) + 1)
(WL(2)Wg(z) —1)°
“(Pp(2) + Pr(2)WL(2))Wr(2)(pooWL(2) + po1) (C.17)
(Wr)Wr(2) (WL (2)Wgr ()W (2)Wg(2)(WL(2)Wr(z) + 56) + 246) + 56) + 1)
(WL(2)Wg(z) —1)7
“Wr(2)Wr(2)Wr(z) +1)(PL(2) + Pr(2)WL(2))(pooWL(2) + Pgé)ls)

m5(z) =

m(;(z) = —

C.2 Alternatives

C.2.1 Vector-Notation*

One idea was to use the vector notation. The disadvantage of this approach is
that one has to deal with vectors of infinite length. Starting from [Emary, 2009,
9.12] in vector notation with

Ap ™ (t) = Lop™ (1) + Tp™ (t)(n — 1,1). (LvN.n)
i Odd i Odd
For convenience the short notation [x]; = [z Z and = (2l Z
[xlg @ Even ], @ Even

is used.
o p(")(t)’o(i/Q,t) i Even
@) () i 0dd

Kij=0i1,;T5 = 0i ;L

8150' = ICO'
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Hence, the propagator

yields to a lower triangle matrix,
we introduce kg = £r(2)I' and kr = £1(2)g *
e The diagonal-elements are G; ; = £;

e The off-diagonal-elements can be calculated recursively by
Gij=00(i — j)Gi-1ki

...to be continued (see Mathematica Notebooks)

f I becomes n-dependent, only the definition of k has to be changed.
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C.2.2 The other dimension of randomness*

A further step is to calculate the variance of p,,(2) as well.

((pul2) — (pul2)))?) (C.19)

Definition 8 V,, .. = (pn(2)pn/2)
For this model V,, .., -+ is with (5.7)

n—1 n'—1

1 T) 1 L(K")
n,n';z,z" = ' 2
Vinssz, <<Z+F(n)kliloz+r(k)> z+T(n) IIz+r(k/) (C.20)

k'=0

It is no restriction to assume n > n’. That means

n'—1 F(k)g n—1 F(k) "y
Vmn o = | I I | (n')
i (z + Tz +T0) 7+ D) FATm A7) (4 T0)

k=0 =n/+1
n' —1 . n—o .
G2 @ D) )
Vo' zz = < H) (z+ F(j))(z/ 4 F(j)) >< .H/ 2+ T <(Zl+r‘(n—1))(z+1"(n—1)) >< 23T >
j= j=n
(C.21)
with
n'—1 . 9 "
2 22 o
j:
(sign changel!!)
r=1 P o /
<(z’ TTrD)(z + r<n1>)> = L)+ L) (C.23)

Vin'sz, 2 €valuates to

2
22 2

L(z) +

zl -z z—2z

z 2

-L(z) + o ZL(z')) L(2).
(C.24)

Vimtiz ot = (1 + ,L(z')> (14 2L(z))" ™! (

Z—Z

However, as no application for this variance could be found, this approach was
not being continued.






Appendix D

Software

D.1 Mathematica Package nQME

Download The package can be downloaded at
https://fcs.physikerwelt.de/wiki/nQME-Package

Installation After having downloaded, the software has to be decompressed

into the folder $UserBaseDirectory/Applications, where $UserBaseDirectory

can be obtained by typing $UserBaseDirectory into a blank Mathematica

Notebook. Afterwards, there should be a file $UserBaseDirectory/Applications/nQME/Ramdom.m.

Initialization wecsstmomranaenc1 initializes the package

source The full source code from the main package

Listing D.1: Source of the main package.

(* ::Package:: *)
(* Mathematica Package *)
5 (* Created by the Wolfram Workbemch Feb 23, 2010 *)

BeginPackage ["nQME ‘Random ‘"]
(x Ezported symbols added here with SymbolName::usage x)
(xPut here unprotect clearx)
10 nQMESetLO::usage="The Liouvillian"
nQMESetJ::usage="The Jump-Operator"
nQMESetTraceFunction::usage="The trace function."
nQMESetAssumptions::usage="Assumptions used for to simplify the trace"
nQMESetRandomVariables::usage="The variables assumed to be random"
15 nQMESetMethod::usage="Set Method to \"matrix\" or MGF"

20 nQMEMomMatGen::usage="Gives a general expression for the matrices of the moments. The moments are
obtained by tracing that matrix."
Tz::usage="Def .."
Tau::usage="Def .."
Mu::usage="Def .."
Cum::usage="Def ..
25 Kurt::usage="Def ..

Scrw::usage="Def .."

nQMEILt ::usage="Gives the current for the long time limit"
nQMEFanoLt ::usage="Fano Factor"

nQMECumLt : :usage="Fano Factor"

147
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30 CleanLimit::usage="CleanLimit"
CleanLimitG::usage="CleanlLimit concerning tunnel rates"

CentralMomentForm::usage="Central Moments"
CumulantForm::usage="Cumulants"
35 DistNamedForm::usage="Central Moments with Scrwness and Kurt"
GenTex::usage="Generates Latex Code"
\[Tau] sage="waiting time"
\[CapitalGamma]::usage="tunnel rate"
GenTexMom: : usag
usage=""

40

Erw::usage=""

Begin[" ‘Private ‘"]

50 Clear[R,W,P,WE,PE,RE];
(*Set initial conditionsx*)
nQMESetLO [Mat_]:=(s=SessionTime [];L0:=Mat);
nQMESetJ [Mat_]:=(s=SessionTime []; Mat) ;
nQMESetTraceFunction[Mat_]:=(s=SessionTime []; TraceFunction:=Mat);
55 nQMESetAssumptions[Mat_]:=(s=SessionTime [];TraceKond:=Mat);
nQMESetRandomVariables [Mat_]:=(s=SessionTime [];nDependent:=Mat);
nQMESetMethod [Meth_]:=(s=SessionTime [];method:=Meth);
(*general Form for Moments in z-space*)
Print["Load moment function"];
60 Get["nQME ‘momGenImp ‘"];
(*Seperation aproach*)
Seperate [Expression_, Var_] :=
Module [{Dep = 1, InDep = 1, Fkt, Exp = Factor [Expressionl},
Fkt [subexp_] :=
65 I1f [0r[MemberQ[subexp, Var, Infinity], MatchQ[subexp, Varll,
Dep *= subexp, InDep *= subexp];
If[ ! (Head[Exp] = Times), Fkt[Expl,
Map [Fkt, Expl]; Return([{Dep, InDep}l];

70
(*rules for ERW+*)
Erwlgl_"n_Integer, gl_] := Taul-n, gll; (* /; n < 0%)
(*Erwlgl_,gl_J:=Tau[-1,g1l]*)

75 Erw /: D[Erwlx_, y_.], z
Erw /: Series[Erwlx_, y
Erwla_ + b_, z_] := Erw

] := Erw[D[x, 2], y]
], z__] := Erw[Series[x, z], y]
a, z] + Erwlb, z]

[

Erv[k_Integer, x_] := k
80 Erwl[k_Integerxy_, x_] := k*Erwly, x]
ErwRulO := Erwl[x_, y_] :> Erw[ExpandAll([x], yl;
ErwRull := {Erw[s_*Erw[x_, y_Symboll, z_Symbol] :>
Erw[s*Ervw[x, y] /. ErwRul, z],
ErwlErw(x_, y_.1, z_] :> Erw[Erw(x, y] /. ErwRul, z]}
85 ErwRul2 :=
Erwlx_, y_Symboll :>
Module [{Sep = Seperatel[x, yl}, Sep[[2]11*Erw[Sep[[11], y11;

ErwRul3:= Erwlgl_,gl_1->Taul-1,gll;
90 (*Transformation function for ezpectation wvaluex)

TFile_] := e /. ErwRulO /. ErwRull /. ErwRul2 /.ErwRul3 (*%)
Serfe_, k_] := e /. Erwlx_, y_] :> NewErw[x, y, k]
95
(*claculation of the ezpectation value with seperation of z%)
NewErwlx_, y_, k_] :=
TF1@Normal@
Module [{}, (*Print ["Called with "];Print[{z,y,k}];*)
100 If [MemberQ[x, Erwl[_, _], Infinityl || MatchQ[x, Erwl_, _11,

Module [{Erg = Seperatelx, Erw[_, _]1, Dep = 1,
InDep = 2}, (¥Print[Erg[[Dep]]]; %)

If [MemberQ[Erg[[InDepl], z, Infinityl,
105 If [MatchQ[Erg[[Depl], Erwl[_, _11,
If [Erg[[Dep, 211 =!=y,
(*Print ["casel"]; *)
Erw[Ser [Erw[Erg[[Dep, 11]1*Erg([InDepl]l, Ergl[Dep, 2111, k],
yl,
110 Throw["not implemented one" + Ergl
1,
Throw["not implemented two" + Ergl
1,
(#Print["no z dep"];*)

115
Erw[Erg[[InDepll*Ser [Erg[[Depl], k1, yl1],
TF1@NormalQErw [Series[x, {z, 0, k + 1}], y] + 0[z]"(kx + 1)]1;

SepErw[Exp_, Var_] :=
120 Module[{Seperated = Seperate[Exp, Varl},
Erw[Seperated [[1]], VarlxSeperated[[2]]]

ErvGen [Exp_] Erw[Exp, nDependent];
125 MatErw([L_] := Map[ErwGen[#] &, L, {2}]
ErvExpFkt [e_] :=
Collect[SimplifyQe /.
Erw[Exp__, Dep_List] :> Fold[SepErw[#1, #2] &, Exp, Depl, z]
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ctSeri[n_] :=
130 ctSeri[n,s] =
Simplify[mtSer [[n]] -
Sum[Binomialln - 1, k - 1] ctSer1[k] mtSer[[n - k11, {k, n - 1}1]

135 Clear[dim];
dim:=pDim[s]=Dimensions [LO][[1]]

PSpc  := PSpcils] = FullSimplify[Inverselz IdentityMatrix([dim] - LO1l;
WSpc  := WSpcils] = J.PSpc;
140 (*R=Inverse[IdentityMatriz[dim]-W];*)
WE := WEil[s]= MatErw[WSpcl;
PE := PEils]= MatErw[PSpcl;
RE := REil[s]= Inverse[IdentityMatrix[dim] - WE];
REchi := REchiils]l= Inverse[IdentityMatrix[dim] -Exp[I x] WE];
145
MomMatSpc [k_] := MomMatSpc([k,s]= nQMEMomMatGen[k] /. Tz[1_] -> 1!xPE.RE.MatrixPower [WE.RE, 1]

MGenFkt := ErwExpFkt@ ((TraceFunction@ ((PE.REchi))));
mzSer [k_] := mzSer[k,s]= If[TrueQ[method matrix"], Ser[Limit [D[MGenFkt ,{x,k}],x->01/I"k, k + 1];
,mzSer [k,s]= Ser [ErwExpFkt@ ((TraceFunction®@ MomMatSpc([kl)), k +1]11; (*gives a Series aprozimation with
0[z] "k termx*)
150 mzSerO[k_J]:= mzSer[k,s]=Simplify@Collect[1/z*Normal [z*mzSer [k]+0[z]],z]; (*this is speedx)
mtSer [k_] :=mtSer[k,s]= Simplify[InverseLaplaceTransform[mzSerO[k], z, t],
t > 0 && TraceKond];

ctSer[n_] :=
155 ctSer[n,s] =
Simplify[mtSer [n] - Sum[Binomiall[n - 1, k - 1] ctSer[k] mtSer[n - k], {k, n - 1}1];

nQMEFanoLt := Simplifye@
Limit [Simplify [ctSer [2]/ctSer [1], TraceKond], t -> Infinityl;
160 nQMECumLt [k_] :=
Simplify@
Limit [Simplify[ctSer[k]/ctSer[1], TraceKond],
t -> Infinity]

165

nQMEILt := miLT[s]=Simplify[Limit[z"2*mzSer[1], z -> 0], TraceKondl;

REP[0rd_]:=Table[Tauln,x_]->Sum[Binomial[n,k]Mulk,x] Taull,x]"(n-k),{k,0,n}],{n,0rd,1,-1}]; (*Replaces
moments of the waiting time distribution by central Momements.*)
Taul0,x_1:=1;

REPC[0rd_]:=Table[Tauln,x_]->Cum[n,x]+Sun[Binomial [n-1,k-1]Cum[k,x] Tauln-k,x],{k,1,n-1}],{n,0rd
,1,-131;

sRep:=Mul3,x_]->Scrwlx] Mul2,x]°(3/2);

kRep:=Mu[4,x_]1->Kurt [x] Mu[2,x]"2;

175 CleanLimit[x_1:=((x/.Tauln_,y_l->Subscript[\[Taul,y]l (n)));
CleanLimit[x_,s_]:=((x/.Tauln_,s]->Subscript [\[Taul,s]"(n)));
CleanLimitG[x_]:=((x/.Tauln_,y_]->Subscript [\[CapitalGammal,y]~(-n)));
CleanLimitG[x_,s_]:=((x/.Tauln_,s]->Subscript [\[CapitalGammal,s]~(-n)));
CentralMomentForm[x_,o0_]:=x/.REP[o0];

180 CumulantForm[x_,o0_]:=x/.REPC[o];

DistNamedForm[x_,o_]:=CentralMomentForm[x,o0]/.kRep/.sRep
TexRulesLog := {RegularExpressionl[
"N\ Eext \WLErw\\F (\\\\1eft) 2ANCC.*7) , .*7) (\\\\right) ?\\) "] ->
"\\Erw{$2}_{$3}",RegularExpression ["\\\\text \\{Tau\\}(\\\\1eft) 2\\((.*7) , (.*?) (\\\\right)?\\) "] ->
185 "\\TAU{$2}_{$3}",
RegularExpression["\\\\text\\{SmallTau\\}(\\\\1left)?\\((.*?) (\\\\right)?\\)"] ->
"\\tau_{$2}"}

TexRules := {"\\Gamma _L" -> "\\GL", "\\Gamma _R" -> "\\GR",
"i " o=> "\\I ", "\\Gamma _T" -> "\\GT",
190 \\text{Tz}("~"x_"~")"=>"\\Tz["~~x~~"]",
S\\TAU{" % x_ % "}_{"""y_~""}" :> "\\TAU" “~IntegerString[ToExpression[x], "Roman"]~~"{"~~y~~"}
"NNTAU{-" ~7 x_ ~7 "}_{""7y_~""}" :> "\\TAUn" ~~IntegerString[ToExpression([x], "Roman"]~~"{"~~"y~~

LR

GenTex[tex_] :=
195 StringReplace [StringReplace [StringReplace [ToString [TeXForm[tex]], TexRulesLogl, TexRulesLogl,
TexRules];

GenTexMom[n_]:=Module[ {out=""},
For[i=1,i<=n,i++,
200 out=out~~ "\\mz"~"ToStringl[il~~" &=& \\MyTrace {\\left ("~ ~GenTex [nQMEMomMatGen[i]]~~ "\\right)} \\\\ \
n";
Joutl;

End []

205 EndPackage []
Print ["nQME ‘Random was loaded."];

D.2 Double Quantum Dot

As a demonstration, the application of the program to the Double Quantum
Dot example is listed below.
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For convenience the output is set as TEX equations.

Listing D.2: Sample for use of nQME for DQD.

(* ::Package:: *)

Needs ["nQME ‘Random ‘"] (#Initialize tha package*)
nQMESetLO[Transpose [{{-L,L,0,0,0},{0,0,0,0,-T},{0,0,-R,0,T},{0,0,0,-1/2R,\[Epsilon]},{0,2T,-2T,-\[
Epsilonl,-1/2R}}11; (#*specify the DGD Liowvillian. Here just the subscript of \[CapitalGamma]
is givenx)
5 nQMESetJ[Normal [SparseArray [{{1,3}->R},{5,5}11]; (*and the jump part*)
nQMESetRandomVariables [{L,R,T}]; (*Specify variables that should be treated as random*)
TraceFunction[Mat_J]:=Tr [((Mat.{p00,p11,p22,p12,p21})) [[1;;3]1]; (*The tracefunction of the
Superoperatorx)
nQMESetTraceFunction[TraceFunction];
nQMESetAssumptions [p00+p11+p22==1]; (*Toal density matriz at t=0 shold have Tr 1x%)
10 ILt=nQMEILt (*¥Calculate the currentx*)
GenTex [ILt] (*pass output to latex*)
CleanLimit [ILt] (#Calculate the clean limit with waiting timesx)
GenTex [%] (*pass output to latez*)
FanoLt=FullSimplify@CleanLimit [#,L]%@CleanLimit [#,T]&QnQMEFanoLt (*calculate the FanoFactor with clean
(L,T)*)
15 GenTex[FanoLt] (*pass to latez out...with some special mods\]+*)

FanoLtG=FullSimplify@CleanLimitG [#,L]&@CleanLimitG [#,T]&@nQMEFanoLt (*FanoFactor with Gamma istead of
t*)
GenTex [FanoLtG] (*pass to latez out...with some special mods\]*)

FCl=FullSimplify@CleanLimit [FanoLt] (*clean limit for fano factorx)
GenTex [FC1] (*pass output to latex*)

First the system is specified. After the evaluation of the system, the variable

ILT has the value of long-time current
(o) = : (D.1)
=0 AlrL) + AlTr) ((7F) +2) + (Tr)(TE) '

The clean limit one can get Via cleanLimit(1Lt]

4
(Io)etn = T2 (D.2)
A7y, + AR (272 +2) + £

TR

Modlﬁng the Random Variables to nQMESetRandomVariables [{R}]; FanoLt = nQMEFanoLt // FullSimplify;

(Foo) rnd,R =

02 (= (4 @R + ) (ra) + (Tw)” +32 (2 + ) (122 + ) () + 2(T2))
(4 (I (272 + €2) (1R) + 1&2) + IL(TR))?

(T2 (2 + 2€%) + 27)
(4 (Iy (2702 + €2) (1R) + 12) + IL(TR))?

(Fyo)rna,r (77 (4€(TR) + (TR)) + 8(1R) +471) * =

87'72« (20€2<7‘12%>—

2(rg) (4€2(r) + (TR)) + 1) + 74 (— (—3264<T§> + (4€2(rR) + (Tr))” — 2(TF2) — 1662))

— 64 ((rr)* — 2(7})) + 1677

(D.3)

873 (2IL27E (AT" + 6122 + ) + I (¢ — T6?%) + 217) + 1.2
(drr (IR (2122 + €2) + 1°) +11) 2

(Foo) =

oo

_ 167%712% + 87’12%7'% (12627'1% — 1) + 7'74« (4627'1% + 1) 24 647'%
(A7r (11 + TR (277 + 2)) + 77) 2
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D.3 Sample Notebooks

List of sample notebooks that can be downloaded at https://fcs.physikerwelt.
de/wiki/SampleNotebooks. In the text the following notebooks where refer-
enced explicitly.

https://fcs.physikerwelt.de/wiki/NB:SmallBWBar (NB:SmallBWBar)

https://fcs.physikerwelt.de/wiki/NB:SimSD (NB:SimSD)
https://fcs.physikerwelt.de/wiki/NB:Ham2Lio (NB:Ham2Lio)
https://fcs.physikerwelt.de/wiki/NB:autoMW (NB:autoMW)

https://fcs.physikerwelt.de/wiki/NB:QuasiClassical
(NB:QuasiClassical)


https://fcs.physikerwelt.de/wiki/SampleNotebooks
https://fcs.physikerwelt.de/wiki/SampleNotebooks
https://fcs.physikerwelt.de/wiki/NB:SmallBWBar
https://fcs.physikerwelt.de/wiki/NB:SimSD
https://fcs.physikerwelt.de/wiki/NB:Ham2Lio
https://fcs.physikerwelt.de/wiki/NB:autoMW
https://fcs.physikerwelt.de/wiki/NB:QuasiClassical
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Glossary

any object (X]) Any object, TEX-Command: Any, Occurrence: 59
Arguments: [x]
.16, 21, 22, 73, 75, 115, 127, 128, 139, 141, 143, 165167, 169-174

bath annihilation operator (by) , TEX-Command: bk, Occurrence: 10
Arguments: [k]
.18, 21, 22, 96, 165

bath creation operator (bZ) , TEX-Command: bkD, Occurrence: 11
Arguments: [k]
. 18, 21, 22, 51, 96, 165

bbra ({[1]|) , TEX-Command: bbra, Occurrence: 5
Arguments:
. 73, 99-101, 165

binominal , -Command: Choose, Occurrence: 18

Arguments:
. 33,37, 112, 128, 131, 165

commutator ([,) , TEX-Command: Comm, Occurrence: 58
Definition: , = —
Arguments:
. 16, 17, 20, 21, 23, 31, 59, 96, 135, 136, 139, 165, 167, 170
ct (cn(t)) , TEX-Command: ct, Occurrence: 16
Arguments: [n]
. 33, 37, 38, 76, 165
ctLt (¢n,00) , TEX-Command: ctLt, Occurrence: 5
Arguments: [n]
. 33, 165
ctSer (¢,(t)) , TEX-Command: ctSer, Occurrence: 6
Arguments: [n]
. 33, 37, 165
cz (Gz(2)) , TeX-Command: cz, Occurrence: 3
Arguments:
. 54, 55, 165
custom trace (CTr) Categorie: Operator, custom trace function, TEX-Command:
MyTrace, Occurrence: 8
Definition: CTr = TrP(2).Go(2).[@-po
Description: Definition for CTr applied to
. 141, 142, 165

165



166 Glossary

dagger ([1]f) Categorie: Suffix, , TEX-Command: Dagger, Occurrence: 85
Arguments:
.18, 20-23, 58, 59, 75, 96, 97, 134-136, 138, 139, 166, 169, 172, 173
den (£) , TEX-Command: den, Occurrence: 4
. 144, 166
denL (£;(2)) , TEX-Command: denL, Occurrence: 2
. 144, 166
denR (£5(2)) , TEX-Command: denR, Occurrence: 2
. 144, 166
density matrix (9) Categorie: Operator, without index full density matrix,
TEX-Command: DMat, Occurrence: 259
. 12-23, 95, 96, 134-136, 138, 139, 166
density matrix (p,(z)) , TEX-Command: rxz, Occurrence: 43

Definition: py(z) = Z ﬁn(z)ei"x

. 28-31, 33, 44, 49, 7510,055, 56, 62, 97-100, 107, 114, 166

density matrix of bath (gg\fé)) , TEX-Command: DMatBN, Occurrence:
16
Arguments: [N']
. 18, 22, 95, 96, 166

density matrix of bath (gg)o) , TEX-Command: DMatBn, Occurrence: 3
Arguments: [n]
. 95, 96, 166

DMatT (p) , TEX-Command: DMatT, Occurrence: 22
Definition: p = UgoUT
. 14-17, 19, 138, 139, 166

DMatTS (¢) , TgX-Command: DMatTS, Occurrence: 15
Definition: o' = p(¥',n(t'))
. 15-17, 19, 23, 139, 166

initial density matrix (p(z)) Categorie: operator, , TEX-Command:
rNz, Occurrence: 3
. 31, 166

irrelevant propagation initial system density matrix (fao,SD (2)) Cat-
egorie: Operator, , TEX-Command: rNzSD, Occurrence: 8

e ~ _ PL(Z) PL(ZZ)
Definition: pO,SD(’Z> = (PR(Z)WL(Z) ]VDV};((Z)) 20
. 62, 63, 166

n-t (p(")(t)) conditioned density operator in n, time space, TEX-Command:
rnt, Occurrence: 123
Arguments: [n]
.9, 10, 17, 22, 23, 2628, 31, 33, 44, 47, 59-61, 75, 96-98, 100, 108
110, 113, 115, 119, 143, 166, 167, 172
n-z (pn(2)) , TEX-Command: rnz, Occurrence: 53
Definition: p,(z) = tL_’Ep“” (t)= [ e pM(t)dt, z€C
Arguments: [n]
. 2830, 44, 48-50, 55, 61, 62, 66, 97, 98, 107, 108, 116, 145, 166, 173
rntA ((t)) , TEX-Command: rntA, Occurrence: 11
Arguments:
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. 115, 166
density matrix (p,(t)) , TEX-Command: rxt, Occurrence: 27
oo

Definition: p, () = Z p(”)(t)einx
n=0
. 28, 31, 44, 49, 56, 97, 107, 110, 113, 114, 167
double Commutator ([,7]) , TEX-Command: DoubleComm, Occur-
rence: 20

Arguments:
.16, 17, 20, 21, 23, 96, 167

ErwWz (W(z)) , TeX-Command: EruWz, Occurrence: 3
Definition: W(z) = <Wn(z)>
. 44, 97, 167
expectation value (([z])) , TEX-Command: Erw, Occurrence: 720
Definition: (z]) = [[z|(T)f(T)dl
S
Arguments:
. 27,33, 34, 37-39, 44, 45, 49 56, 61-66, 71, 72, 7486, 88, 90, 92, 94,
97-102, 116, 119, 120, 127-131, 135, 145, 150, 167-169, 171-175

exponential function (e) , TEX-Command: E, Occurrence: 126

Arguments:
.13, 14, 16, 21-23, 27-29, 31, 34, 35, 37, 38, 44, 49, 50, 55, 56, 62, 71,

77, 97, 98, 100, 101, 107, 108, 112-114, 116, 130, 134-136, 138, 141,
166, 167, 169, 170, 172, 173

Fermi function (f(¢;)) , TEX-Command: fermi, Occurrence: 8
Arguments: [k]
. 22,167

FLt ((F.)) , TEX-Command: FLt, Occurrence: 36
Definition: (F. ) = lim;— 28

Arguments: ||
33,39, 49, 54, 64, 65, 71, 72, 76, 79-81, 85, 86, 98100, 102, 116,

150, 167
FLtCl (F_ ) » TEX-Command: FLtC1, Occurrence: 8
ca(t)

Definition: F_on= limy_y oo G
. 65, 66, 79, 83, 167
short notation (Ag r(2))

, TEX-Command: ARTz, Occurrence: 5
(Tr+22) (Tr+2) (Tr+22)+4%>% ) +4¢* (Ta+2)
(Tr+22)2(2(Tr+2)+41>2)+4ze2(Ir+2)

Definition: Ag 1 (z)
. 77,101, 167
short notation (Bg r(z)) , TEX-Command: BRTz, Occurrence: 7
ITr+22

Definition: Brr(z) = ok (Tr+22)2(z(Tr+2)+42)+4ze2 (Ip+2)

. 77,101, 167
Fourier Sequence Transformation (FST) Categorie: Transformation, ,
n—x

TEX-Command: FouST, Occurrence: 16
Definition: ];i’_)l; =3 e™Xa,

Arguments: [a,]
. 27-29, 31, 49, 55, 107, 110, 116, 167
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GAlpha (L},) , TgX-Command: GAlpha, Occurrence: 250
Arguments: «
. 55-59, 63, 64, 66, 71, 74-79, 83-85, 90, 92, 100, 101, 116, 127, 128
137, 150, 167-169
GL (I}) , TEX-Command: GL, Occurrence: 67
. 58, 59, 63, 66, 74-79, 83, 116, 150, 168, 169
GLn (I , TgX-Command: GLn, Occurrence: 22
Arguments: [n]
.10, 23, 59-61, 75, 97, 100-102, 168
GMin (L) , TEX-Command: GMin, Occurrence: 13
. 55, 56, 168
GnM (I'®=1) | TEX-Command: GnM, Occurrence: 13
. 47, 48, 98, 145, 168
GR (Ig) , TgX-Command: GR, Occurrence: 131
. 58, 59, 63, 66, 74-79, 83-85, 90, 92, 101, 116, 167-169
GRn (Flg”)) , TEX-Command: GRn, Occurrence: 32
Arguments: [n]
. 10, 23, 59-61, 75, 97, 100, 101, 168
GRnM (Fé"fl)) , TEX-Command: GRnM, Occurrence: 5
. 23,75, 97, 101, 168
GT (1) , TgX-Command: GT, Occurrence: 105
. 73-80, 83, 101, 150, 167, 168
GAlphan (I‘OE”)) , TEX-Command: GAlphan, Occurrence: 66
Arguments: [n]a
.10, 22, 23, 43, 5961, 75, 97, 100-102, 168
Gamma function (I') Categorie: Function, not to mix up with the tunnelling
rate I', TEX-Command: GF, Occurrence: 8
. 107, 108, 112, 168
Gamma$S (I'™) , TgX-Command: GammaS, Occurrence: 12
Definition: T* =T — T
. 107, 113, 114, 168
GM (1), TgX-Command: GM, Occurrence: 11
Definition: L = w
. 56, 168
GMax (Injaz) , TEX-Command: GMax, Occurrence: 14
. 55, 56, 168
GMean (L) , TEX-Command: GMean, Occurrence: 28
Definition: 1 = (T')
Arguments: [I]
. 56, 67-69, 168
Gn (T™) | TgX-Command: Gn, Occurrence: 66
Arguments: [n]
. 47-50, 98, 107, 115, 116, 145, 168
GNz (Go(2)) , TEX-Command: GNz, Occurrence: 18
Definition: Qo(z) =(1- W(z)))_l
. 35, 36, 52, 141, 142, 165, 168, 173
GTn (Tc(n)) , TEX-Command: GTn, Occurrence: 12
Arguments: [n]
. 75,101, 102, 168
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Gxz (G, (2)) , TEX-Command: Gxz, Occurrence: 21

R o -1
Definition: G, (z) = (1 — elXW(z)>
. 98-31, 34, 35, 44, 62, 169, 170

HB (Hp) , TEX-Command: HB, Occurrence: 4
. 20, 169
heaviside theta (© ()) Categorie: Distribution, , TEX-Command: DistU,
Occurrence: 2
Arguments:
. 55, 169
HI (Hg p) , TEX-Command: HI, Occurrence: 5
. 20, 96, 169
HN (H,) Categorie: Operator, , TEX-Command: HN, Occurrence: 20
. 135, 138, 139, 169, 173

ILt ((I)) , TEX-Command: ILt, Occurrence: 43
Definition: (1) = lims— oo Oy (t)

Arguments: []
. 33, 39, 49-53, 63, 71, 74-76, 78-80, 85, 94, 97, 98, 100-102, 116, 119,
120, 150, 169
ILtCl (I o) » TEX-Command: ILtC1, Occurrence: 7

Definition: I__ ., = limy 0 Oy (t)
. 51, 63, 78, 169

imagninar unit (i) Categorie: constant, , TEX-Command: I, Occurrence:
191

. 16, 21, 22, 28-31, 33-35, 37-39, 44, 49, 50, 54-56, 59, 62, 71, 73, 77,
97, 98, 100, 101, 107, 113, 114, 116, 130, 133-136, 138, 139, 141, 166,
167, 169, 170, 172, 173
initial density matrix (pg) , TEX-Command: rN, Occurrence: 74
. 26-31, 35, 36, 44, 48, 61-64, 66, 77, 97, 116, 141, 143, 165, 166, 169
Interaction Hamiltonian (V) , TEX-Command: V, Occurrence: 93
. 16, 17, 20, 21, 96, 135, 136, 138, 139, 169, 170, 173, 174, see HI
Irrelevant (Q) Categorie: Projector, Projects on irrelevant part of Hilbert
space, TEX-Command: pQ, Occurrence: 51
Definition: Q=1—-P
. 12-14, 95, 96, 169, 173

ja (ja) , TEX-Command: ja, Occurrence: 4
17 |1 =L

Definition: j, = VILIX0] o
VRN =R

. 59, 169

jan (j&"/)) , TEX-Command: jan, Occurrence: 3

VI |0/ 1005 n/| a=1L

Definition: '&n/) =
CHHOR {\/FR("') In' +1;0X1;n'| a=R

. 59, 169
jad (j*,) , TEX-Command: jad, Occurrence: 3
. 59, 169
jand (jTa(n )) , TEX-Command: jand, Occurrence: 3

. 59, 169
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Jmp (7J) , TEX-Command: Jmp, Occurrence: 45

.9, 10, 26-31, 44, 47, 49, 60-62, 70, 75, 97-99, 101, 107, 110, 115, 116,
143, 170, 171, 175

Jmpn (j(7’)) , TEX-Command: Jmpn, Occurrence: 33
Arguments: [n]
. 27-30, 47, 60-62, 70, 75, 97-99, 101, 107, 110, 170, 175

JmpnM (7)) | TgX-Command: JmpnM, Occurrence: 18
. 28,29, 47, 61, 70, 75, 97-99, 101, 110, 170

kket ([[1))) , TeX-Command: kket, Occurrence: 25
Arguments:
. 73-75,99-101, 170

Laplace Transformation (tLT) Categorie: Transformation, , TEX-Command:
—z

LapT, Occurrence: 17

Definition: LT = Jo7 dte= f(t)

Arguments: [f(t)]

. 27, 28, 31, 34, 38, 39, 48, 107, 166, 170, 171
inverse (ZL_T>;_1) , TEX-Command: InvLapT, Occurrence: 20

.28, 31, 33, 34, 36, 39, 49, 53, 56, 64, 107, 130, 170, 171

Lio (£) , TEX-Command: Lio, Occurrence: 144
9, 10, 13-15, 17, 19, 20, 23, 2630, 44, 47, 49, 5962, 70, 7375,

95-99, 101, 107, 110, 115, 116, 139, 143, 170, 171, 173, 175
LioN (Lo) , TEX-Command: LioN, Occurrence: 9

.30, 107, 110, 115, 116, 143, 170

LioT (£) , TEX-Command: LioT, Occurrence: 9
Definition: £ = i[, \7}
.15, 138, 139, 170
LioTS (Zl’) , TEX-Command: LioTS, Occurrence: 4
Definition: £/ = i{,\?(t’)}
. 15, 139, 170
LioNn (£{") , TgX-Command: LioNn, Occurrence: 34
Arguments: [n]
.10, 26-30, 44, 47, 49, 60-62, 70, 75, 97-99, 101, 110, 170, 171, 175
Log (Log) , TEX-Command: Log, Occurrence: 6
.55, 56, 170

Moment Generating Function (M(iy)) , TgX-Command: MGenZ, Occur-
rence: 12
Definition: M(ix) = P(x) = TrPG, ()
. 33,34, 37, 62, 71, 77, 100, 101, 170
mt (my(t)) , TEX-Command: mt, Occurrence: 17
Arguments: [n]
. 33, 36-38, 98, 99, 130, 170
mtSer (m,(t)) , TgX-Command: mtSer, Occurrence: 6
Arguments: [n]
. 33, 36, 37, 170
mzSer (M, (z)) , TEX-Command: mzSer, Occurrence: 3
Definition: 1, (2) = Y, apz = + O(2)° = 1, (2)
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Arguments: [n]
. 33, 36, 170
mztinvI (i1 (2)) , TEX-Command: mztinvI, Occurrence: 3

Definition: mi¢rny(2) = tL_’)TZ (m)
.39, 171 ‘

Mz (M(z)) , TEX-Command: Mz, Occurrence: 6
Definition: M (2) = P(2)J
Arguments: ||
. 30, 31, 63, 171
mz (1z)(2)) , TEX-Command: mz, Occurrence: 66
Definition: yz)(2) = limy—o OEM ()
Arguments:
. 33-36, 38, 39, 44, 50, 52-55, 63, 64, 97-99, 116, 130, 141, 142, 170,
171

Operator ([1]) Categorie: Operator, normal letters for operators, TEX-Command:
NO, Occurrence: 397
Arguments:
. 14-18, 20-23, 27, 50, 51, 58, 59, 61, 63, 73-75, 96, 97, 99, 133-139,
165, 166, 169-174

PL (Pr(z)) , TgX-Command: PL, Occurrence: 40

Definition: Pr(z) = <Z+1FL
. 62-64, 66, 77, 101, 143, 166, 171

PR (Pr(z)) , TEX-Command: PR, Occurrence: 36
Definition: Pr(2) = ( 3575
. 62-64, 66, 143, 166, 171
probability (P) Categorie: Scalar, , TEX-Command: Prob, Occurrence: 32
. 34, 37, 38, 44, 170, 171
Probz (P) , TEX-Command: Probz, Occurrence: 6
Definition: P = P(z) = 75LT P(¢)
—z
. 34, 37,170, 171
projector ([1]) Categorie: Projector, Serif letters for projectonoperators, TiEX-
Command: PO, Occurrence: 157
Arguments:
. 12-17,19-21, 95, 96, 169, 171-173
Prop (P) , TgX-Command: Prop, Occurrence: 48
. 28-30, 34, 35, 44, 48, 49, 61, 62, 71, 97, 116, 141, 165, 170-172, 175
propagator (P,(z)) Categorie: Superoperator, , TEX-Command: Propn,
Occurrence: 41 B
Definition: P,,(z) = {z — C(()")]
Arguments: [n]
. 28-30, 44, 48, 49, 61, 62, 71, 97, 116, 171, 172, 175
Pt (P(t)) , TEX-Command: Pt, Occurrence: 3
Definition: P(t) = LTt71<7A70(z)>
z—
. 44,171
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Pxz (75X(z)) , TEX-Command: Pxz, Occurrence: 5
. 28-30, 172

Pz (P(z)) , TEX-Command: Pz, Occurrence: 87
Definition: P(z) = <750(z)>
Arguments: [z]

. 30, 31, 35, 36, 44, 49, 50, 52, 55, 56, 61, 62, 71, 97-100, 171, 172, 175

Relevant (P) Categorie: Projector, Projects on relevant part of Hilbert space,
TEX-Command: pP, Occurrence: 105
. 12-17, 19-21, 95, 96, 169, 172
rnMt (p*~1(t)) , TgX-Command: rnMt, Occurrence: 14
. 9, 10, 26, 28, 44, 47, 61, 75, 97, 98, 110, 119, 172
rnMz (p,_1(z)) , TEX-Command: rnMz, Occurrence: 6
.98, 48, 172
rntN (p,(1=0)) , TEX-Command: rntN, Occurrence: 7
. 28, 48, 172

St ((eIX - 1)) , TEX-Command: St, Occurrence: 13
Definition: (eIX - 1) = (eIX - 1)
Description: old short hand notation
. 56, 107, 172
Superoperator ([1]) Categorie: Superoperator, Caligrafic letters for super-
operators, TEX-Command: S0, Occurrence: 865
Arguments:
9, 10, 13-15, 17, 19, 20, 23, 26-31, 34-36, 44, 47-50, 52, 55, 56,
59-63, 70, 71, 73-75, 95-101, 107, 110, 115, 116, 138, 139, 141-144,
165, 167-173, 175

Laplace Space ([1]) , TgX-Command: S0z, Occurrence: 276
Arguments:
. 28-31, 34-36, 44, 48-50, 52, 55, 56, 61-63, 71, 97-100, 116, 141, 142,
165, 167173, 175
system annihilation operator (s) , TEX-Command: s, Occurrence: 16
. 22,23, 51, 97, 172
system creation operator (s') , TEX-Command: sD, Occurrence: 15
. 22,23,97,172
System Hamiltonian (Hg) Categorie: Operator, , TEX-Command: HS, Oc-
currence: 10
. 14, 20, 73, 172

TAUI (<7’>) , TEX-Command: TAUI, Occurrence: 64

Definition: <7'> = <7’>
Arguments:
. 78-80, 101, 102, 150, 172

Taylor Series (ngo) Categorie: Approximation, Taylor Series Expansion ar-
round z = 0, TEX-Command: TaylorN, Occurrence: 4
. 33, 36, 53, 172

time develelopment (Uj) Categorie: Operator, , TEX-Command: UN, Oc-
currence: 6
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Definition: Uy = e~ 1Hot
. 138, 139, 166, 172, 173
UND (Ufy) , TEX Command: UND, Occurrence: 8
Definition: UT eltot
. 138, 139, 166, 173
Time development (1/7(t,t')) Categorie: Superoperator, , TEX-Command:
S0UD, Occurrence: 6
Definition: U1 (¢, ') = T_eir 4sQL()
Arguments: [¢']
. 13,173
SOUN (Uy(t,t0)) , TEX-Command: SOUN, Occurrence: 2
Arguments: [to]
. 15,173
SOUND (U (t,t0)) , TEX-Command: SOUND, Occurrence: 9
Arguments: [to]
. 14, 15, 173
TMean ((7)) , TEX-Command: TMean, Occurrence: 4
Definition: (1) = (7)
71,173
Trace (Tr) Categorie: Multilinear Operator, , TEX-Command: Tr, Occur-
rence: 31
. 26, 27, 33-36, 44, 48, 62, 63, 97, 99, 100, 134, 138, 141, 165, 170, 173
Bath (TrB[ 1) , TEX-Command: TrB, Occurrence: 6
Definition: Trp [z]] = > (B| H |B>
Arguments:
. 16, 18, 173
Custom (TrC) , TEX-Command: CTr, Occurrence: 2
. 141, 173
relevant (T‘r](3N) (@) , TEX-Command: TrBN, Occurrence: 17
Definition: TrgN) (@) = > (Najkats- - kan| @ |Naj katy - - - s kan)
Arguments: [N]z]
. 16, 18, 21-23, 173
relevant (subspace) (T rl(gn) (@) , TEX-Command: TrBn, Occurrence: 17

Definition: Trl” (@) = 3, (N(n, @)kats - - -, kan|E N (1, @) kats - - kan)
Arguments: [z]
.16, 17, 20, 95, 96, 173
z (T%(z)) Categorie: Superoperator, , TEX-Command: Tz, Occurrence: 28

R o k . R k
Definition: 7%(z) = <limix_>0 elXW(z).leiiW> = (W(z)go(z)>
Arguments: [k]
.52, 71, 141, 142, 173

Var (Var) , TgX-Command: Var, Occurrence: 11
. 38, 65, 72, 84, 99, 100, 173

var (V, n/.z,») , TEX-Command: var, Occurrence: 7
Definition: Vi, pr.z 20 = (pn(2)pnrar)
. 145, 173

VT (V) , TgX-Command: VT, Occurrence: 21
Definition: V = V(¢t, n(t))
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.16, 17, 20, 21, 136, 139, 170, 173
VTS (\~/l) , TEX-Command: VTS, Occurrence: 7
Definition: V' = V(t',n(t"))
.16, 17, 174

waiting time (<T>) expectation value of first negative moment, TEX-Command:
TAU, Occurrence: 261
Definition: <T> = [ (r)dr = <I">
Arguments: [|[z]
. 37, 50-54, 63-66, 71, 72, 78, 80-86, 88, 90, 92, 94, 98-100, 174
TAUII (<T>) , TEX-Command: TAUII, Occurrence: 50

s f2 N\ = /2
Definition: <7'> = <T>
Arguments:

. 78-80, 101, 102, 150, 174

TAUIV (<T>) , TEX-Command: TAUIV, Occurrence: 7

s[4\ — /4
Definition: <7’> = <7’>
Arguments:

. 79, 80, 102, 174

TAUmI (<F>) , TEX-Command: TAUmI, Occurrence: 23

Definition: <F > = <1>
Tz
Arguments:

. 78-80, 101, 102, 150, 174
TAUmII (<F ), TEX-Command: TAUmII, Occurrence: 8

Definition: (I'=2) = ( -

(13)=(&)
Arguments:
.79, 80, 102, 150, 174

TI ((ry)) , TEX-Command: TI, Occurrence: 9
Definition: (1y,) = (75) + (1)
. 64-66, 174

TII (((v3) + (7%))) , TEX-Command: TII, Occurrence: 4
Definition: ({(73) + (77)) = (73) + (73)
. 64, 65, 174

TLI ((r;)) , TgX-Command: TLI, Occurrence: 30
Definition: (r;) = <I‘Zl>
. 64-66, 100, 174

TLII ((77)) , TEX-Command: TLII, Occurrence: 12
Definition: (72) = (T';?)
. 64-66, 100, 174

TRI (1)) , TEX-Command: TRI, Occurrence: 28
Definition: (r) = (I'z")
. 6466, 100, 174

TRII ((7%)) , TEX-Command: TRII, Occurrence: 12
Definition: (72) = (I'?)
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. 64-66, 100, 174
WL (Wr(z)) , TEX-Command: WL, Occurrence: 71

Definition: Wp,(z) = <Z£1L,L
. 62-64, 66, 77, 101, 116, 143, 166, 175
Wnz (W, (z)) , TEX-Command: Wnz, Occurrence: 25
Definition: W,,(z) = J™MP,(z) = %
Arguments: [n] ’
.29, 30, 44, 48, 61, 71, 97, 116, 167, 175

WPnMz (W;no_l)(z)) , TEX-Command: WPnMz, Occurrence: 13
Arguments: [n — 1]
. 2830, 61, 175

WPnz (WET") (2)) , TEX-Command: WPnz, Occurrence: 2

Arguments: [n]
.44, 175
WP (Wy(2)) , TEX-Command: WP, Occurrence: 17
Definition: Wri(z) = Wi (2)Wg(2)
. 62, 63, 175
WR (Wg(2)) , TEX-Command: WR, Occurrence: 42

Definition: Wgr(z) = <Z£§R
. 62-64, 66, 116, 143, 175
Wz W(z)) , TEX-Command: Wz, Occurrence: 42
Definition: W(z) = JP(2)
Arguments: []

175

. 30, 31, 35, 36, 44, 49, 52, 61-63, 71, 97, 98, 100, 116, 141, 142, 168, 169, 173,

175
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